Course notes for

Topology (KSM1C03)

Instructor: Aritra Bhowmick

Day 1 : 12" August, 2025

basic set theory — power set — product of sets — equivalence relation — order relation

1.1 Power set Given a set X, the power set is defined as
P(X):={A]| ACX}.

If X is a finite set, prove via induction that |P(X)| = 21X/, where | - | denotes the cardinality.

For any arbitrary set X, prove that there exists a natural bijection of P(X) with the set
F={f:X—{0,1}}

of all functions from X to the 2-point set {0, 1}.

Hint : How many functions {a, b, c} — {0, 1} can you define? Look at their inverse images.

Given two sets X, Y denote the set of all functions from X to Y as

YX:={f: X > Y}.

If X and Y are finite sets, then show that |[YX| = |V'||X]. Use this to show |P(X)| = 2/XI.

Given three sets X, Y, Z, prove that there is a natural bijection

(ZY)X — ZYxX




Hint : Write down what the elements look like. Can you see the pattern? This bijection is also known
as Currying.

1.2 Arbitrary union and intersection Suppose A is a collection of sets. Then, we have the union

U X :={z | z € X for *some* X € A},
XeA

and the intersection

ﬂ X :={z | z € X for *all* X € A}.
XeA

Exercise 1.5: (Empty union)

Suppose we have an empty collection A of sets. From the definition, prove that

U x=2.

XeA

Exercise 1.6: (Empty intersection)

Suppose A is a nonempty subset of the power set of some fixed set X. Show that

ﬂ ={zeX|zeAforall Aec A}
AeA

If A C P(X) is the empty collection, justify

[1A=X

AcA

1.3 Cartesian product
Given two sets A, B, their Cartesian product (or simply, product) is defined as the set
Ax B:={(a,b) |a€ A, be B}

of ordered pairs. We have the two projections
T4 AXB— A Tg: AXB— B

(a,b) — a, and (a,b) —b.

-

Exercise 1.7:

Justify A x @ = &, where & is the empty set.




Remark 1.8: (A different product?)

Suppose A, B are given. Consider the set
C ={(a,b,a) |a€ A, be B}.

Clearly there is a natural bijection between C and A x B. Also, we have maps 74 : C — A and 7 :
C — B.

Exercise 1.9: (Universal property of the product)

Suppose A, B are given sets,and 74 : AXx B — A, w5 : A x B — B be the projections.

a) Show that given any set C, and functions f : C' — A, g : C — B, there exists a unique function
h : C — A x B such that the diagram commutes.

b) Suppose we are given a set P, along with two functionsp, : P — A and pg — B, which satisfies
the following property : given any set C, and functions f: C' — A, g: C — B, there exists a
unique function h : C' — P satisfying f =py o h, g=pgoh.

Show that the exists a bijection from 1 : A x B — P, suchthatp, oty =7, andpg ot = 7.

Hint : Look at the diagrams

llandll




Can you show that ¢ o ¢ =1Id 4, g and ¢ o ¢ = Id p? The uniqueness should be useful.

1.4 Equivalence relation

Definition 1.10: (Relation)
Given a set X, a relation on it is a subset R C X x X. We say R is an equivalence relation if the
following holds.
a) (Reflexive) For each z € X we have (z,z) € R.
b) (Symmetric) If (z,y) € R, then (y,x) € R.
c) (Transitive) If (z,y) € R and (y, z) € R, then (z,2) € R.
Forany x € X, the equivalence class (with respect to the equivalence relation R) is defined as the set

[z]:={y € X | (z,y) € R}.

We shall denote = ~5 y (sometimes also denoted xRy, or simply z ~ y) whenever (z,y) € R. The
collection of equivalence classes are sometimes denoted as X/ .

Exercise 1.11:

Given an equivalence relation R on X, check that any two equivalence classes are either disjoint or
equal (i.e., they cannot have nontrivial intersection).

Exercise 1.12:

Suppose X is a given set, and A C X is a nonempty subset. Define the relation R C X x X as follows.
R={(z,z) |z € X\ A} J{(a,b) | a,b € A}.

a) Check that R is an equivalence relation.
b) Identify the equivalence classes. We shall denote the collection of equivalence classes as X/ A.
c) Whatis X/X ?




Assignment 1.13: 34+3+4=10

Recall the equivalence relation which identifies a subset A C X to a singleton.

a) Identify the equivalence classes X /A, when X = [0, 1] (the closed interval), and A = {0, 1} (the
endpoints).
b) Identify the equivalence classes X /A when X = R (the real line), and A = Z (the integers).

c) Can you see a natural bijection between [0, 1]/{0,1} and R/Z?

Exercise 1.14:

Suppose (G is a group and H is a subgroup. Define a relation
C:= {(91792) | 91_192 S H} Cc GxG@.

a) Show that C is an equivalence relation.

b) Identify the equivalence classes G/H.

Hint : Recall the definition of cosets.

Definition 1.15: (Partition)

Given a set X, a partition of X is a collection of subsets X, C X for some indexing set o € Z, such that
the following holds.
e X,NXgz=gforanya, € Zwitha + 8.

e X = UanXa.

Exercise 1.16: (Partitions and equivalence relations)

Given an equivalence relation R on a set X, show that the collection of equivalence classes is a partition
of X. Conversely, given any partition of X, show that there exists a unique equivalence relation which
gives that partition.

1.5 Order relation



Definition 1.17: (Linear order)

A relation O C X x X on X is called an order relation (also known as linear order or simple order) if
the following holds.

a) (Non-reflexive) (z,x) ¢ O forallz € X.
b) (Transitive) If (z,y) € O and (y, z) € O, then (z, 2) € O.
c) (Comparable) For z,y € X with x # y, either (z,y) € O or (y,z) € O.

We shall denote z <, y (or even simply x < y) whenever (z,y) € O. If either z <, y or z = y holds,
then we shall denote z <, y (or z < y). Given z,y € X, we have the interval

(z,y) ={z€ X |z < zand z < z}.

Exercise 1.18:

Given an ordered set (X, <), define the intervals [z, 3], [z, y), (z, y] for some z,y € X. What happens
when z = y?

Definition 1.19: (Order preserving function)

Given two ordered set (X, <;) and (X,, <,), a function f : X; — X is said to order preserving if

<y y= f(z) <y fly), VY z,y€X;.

Definition 1.20: (Total order)

A relation O C X x X on aset X is called a total order if the following holds.

a) (Reflexive) (z,z) € Oforallz € X.

b) (Transitive) If (x,y) € O and (y, z) € O, then (z, 2) € O.
c) (Total) For z,y € X either (z,y) € Oor (y,z) € O

d) (Antisymmetric) If (z,y) € O and (y,z) € O, thenz = y.

We shall denote x <, y (or even simply z < y) whenever (z,y) € O.

Definition 1.21: (Dictionary order)

Given X, Y two totally ordered sets the dictionary order (or lexicographic order) on the product X x Y
is defined as

(71,91) < (24,y9) if and only if {z; < 25} or {z; = x,,and y; < y,},

forany (z1,91), (z2,9,) € X x Y.



Exercise 1.22:

Let X, Y be totally ordered sets.

a) Check that the dictionary order on X x Y is indeed a total ordering.

b) Check that the projection maps 7y -+ X XY — X and 7y : X XY — Y are order preserving
maps.

c) Suppose Z is another totally ordered set. Let f : Z — X and g : Z — Y be two order preserving
maps. Show that there exists a unique order preservingmap h : Z — X X Y suchthat 7y o h =
fandmy o h =g.

d) Letusdefine a new relation (z,,¥;) < (z4,y,) ifandonly z; < z, andy; < y,.Is < atotal order
onX xY?




Day 2 : 13" August, 2025

metric space — topological space — basis — subbasis

2.1 Metric Spaces

Definition 2.1: (Metric space)

Given a set X, a metriconitisamapd : X x X — [0, 00) such that the following holds.
1) a. d(z,z)=0forallz € X.
b. Ifz #y € X, thend(z,y) > 0.
2) d(z,y) =d(y,x) forallz,y € X
3) d(z,2) < d(z,y) +d(y, z) forallz,y, z € X.
The tuple (X, d) is called a metric space. The open ball of radius r, centered at some = € X is denoted as

By(z,r):={y € X | d(z,y) <r}.

Similarly, the closed ball is defined as

By(z,r):=={y € X | d(z,y) <r}.

Definition 2.2: (Open set in metric space)

Given a metric space (X,d), aset U C X is called open if

for all z € X | there exists some 7 > 0 , such that By(x,r) C U.

Exercise 2.3: (Properties of open sets)

From the definition, verify the following.

i) @ and X are open sets.
ii) Given any collection {U, C X} of open sets, the union | JU,, is open in X.

iii) Given a finite collection {Uj, ..., U, } of open sets, the intersection ﬂle U, isopenin X.
Remark 2.4: (Which properties of metric are needed?!)

You should need 1la to show that x € B,(x,r), and hence, X is open. You should need 3 to show
that

Bd($7 min{rl7r2}) - Bd(x7 7“1) N Bd(xv T2)v
which is needed for the finite intersection.

In particular, 16 and 2 are not needed to verify the properties of open sets. Indeed, such general
“metric” exists, known as pseud-metric and asymmetric metric.



2.2 Topological Spaces

Definition 2.5: (Topology)
Given aset X, a topology on X is a collection T of subsets of X (i.e., 7 C P(X)), such that the following
holds.
a) geTand X € T.

b) 7 is closed under arbitrary unions. That is, for any collection of elements U, € T with a € Z, an
indexing set, we have Uaez U,eT.

c) T is closed under finite intersections. That is, for any finite collection of elements U,, ..., U,, € T,
we have ()" U, € T.

The tuple (X, T) is called a topological space.

Example 2.6:

Given any set X we always have two standard topologies on it.
a) (Discrete Topology) 7, = P(X).
b) (Indiscrete Topology) 7; = {&, X }.

They are distinct whenever X has at least 2 points.

Exercise 2.7:

Given any set X, verify that both the discrete and the indiscrete topologies are indeed topologies, that
is, check that they satisfy the axioms.

Definition 2.8: (Metric topology)

Given a metric space (X, d), the collection of open sets in X form a topology, called the metric topology
(or the topology induced by the metric).

Exercise 2.9: (Metric inducing discrete and indiscrete topology)

Given a set X, can you give a metric on it such that the induced topology on X is the discrete topology?
Can you do the same for indiscrete topology?

Exercise 2.10: (Topologies on 3-point set)

Suppose X = {a, b, c}. Note that

3

P(P(X))| = 2P = 92™ — 92° — 956,

Thus, there are 256 possible collections of subsets of X. How many of them are topologies? How many
are distinct if you are allowed to permute the elements {a, b, c}?



Hint : The answers should be 29 and 9.

Definition 2.11: (Open and closed sets)

Given a topological space (X, 7)), a subset U C X is called an open setif U € T, and a subset C C X
is called a closed setif X \ C € T (i.e., if X \ C'is open).

Caution 2.12:

Given (X, 7T ), a subset can be both open and closed! Think about the discrete topology. Such subsets
are sometimes called clopen sets.

Exercise 2.13: (Topology defined by closed sets)

Given X, suppose C C P(X) is a collection of subsets that satisfy the following.
a) geC, X eC.

b) C is closed under arbitrary intersections.

c) Cis closed under finite unions.

Define the collection,
T:={UcCX|X\UEeC}

Prove that 7 is a topology on X.

Assignment 2.14: (Cofinite and cocountable topology) 44+4+2=10

On any set X, consider the following collections of subsets.

a) T, :={AC X | X\ A is finite} | {&}.

b) 75 :={A C X | X\ A is countable} | J{&}.
Show that 7; and 7, are topologies on X, respectively called the cofinite and the cocountable topologies.
Now, suppose X is uncountable (say, X = R), and consider the collection

T3 :={A C X | X\ A is uncountable}.

Is 75 a topology on X?

Exercise 2.15:

On the real line R, consider the collection of subsets

T_ ={2,R} U{(—OO,CL) | a € R}

10



Show that 7_ is a topology on R.

Quiz 2.16: 44+ (2+2+2)+3+3+4=20

On the real line R, consider the collection of subsets

T, ={o,R} U{(a, ) | a € R}.

a) Show that 7_, is a topology on R.
b) Compare (i.e., fine, coarse or incomparable) 7_, with the
i) usual topology on R,
ii) the lower limit topology R,, and
iii) the upper limit topology R,,.
c) Determine whether (R, 7_,) is Tj,, 17, Ts.
d) What is the closure of (a, co) for some a?

e) Suppose (X, T) is a T, space with at least two elements. Show that any continuous function
fRT,) = (X,T)

is constant.

2.3 Basis of a topology

Definition 2.17: (Basis of a topology)

Given a topological space (X, 7)), a basis for it is a sub-collection B C T of open sets such that every
open set U € T can be written as the union of some elements of B.

Example 2.18: (Usual topology on R)

The collection of all open intervals B = {(a,b) | a,b € R} is a basis for the usual topology on the real
line R.

Proposition 2.19: (Necessary condition for basis)

Suppose (X, T) is a topological space, and consider a basis B C T . Then, the following holds.

a) [(B1)] Forany x € X, there exists some U € Bsuchthatx € U.

b) [(B2)] Forany U,V € B and any element x € U NV, there exists some W € B such that x €
wcunV.

Proof : Suppose B is a basis of (X, 7). Since X is openin X, we have X = UOEB O, which implies (B1).

Now, forany U,V € B, we have U NV is open as well. Thus, U N V is the union of some elements of
B, which implies (B2). O

11



Example 2.20:

Consider the collection
B ={(a,) | a € R}.

This is a subcollection of open sets of R (in the usual topology), and moreover, B satisfies both B1 and
B2 (Check!). But B is not a basis for the usual topology on R. Thus, B1 and B2 is not a sufficient condition
for B to be a basis.

Exercise 2.21: (Topology generated by a basis)

Suppose B C P(X) is a collection of subsets of X satisfying (B1) and (B2). Consider 7 to be the
collection of all possible unions of elements of B. Show that 7 is a topology on X and B is a basis for it.

Exercise 2.22: (Basis for metric topology)

Suppose (X, d) is a metric space. Consider the collection
B:={B.(z) | z € X, r > 0},

where B, (x) := {y | d(z,y) < r} is the ball of radius 7, centered at . Show that B is a basis for a
topology on X, known as the metric topology induced by the metric d.

Exercise 2.23: (Closed discs generate discrete topology)

Let (X, d) be a metricspace,and B,.(z) = {y € X | d(z,y) < r} be the closed ball of radius r centered
at . Show that the collection

B:={B.(z) |z € X,r>0}

is a basis for the discrete topology on X.

Exercise 2.24: (Usual topology on R?)

Consider the following collections of subsets of the plane R2.

a) B, be the collection of all open discs with all possible radii and center at any point.

b) B, be the collection of all open discs with radius less than 1, and center at any point.

c) Bj be the collection of all open squares (i.e, only the insides, not the boundary) with sides parallel
to the two axes.

Show that all three are bases for the usual topology on R2.

Hint : Draw pictures!

12



Assignment 2.25: (Lower limit topology) )

On the real line R, consider the collection of all half-open intervals
B, :={[a,b) | a,b € R}.

Show that B; is a basis for a topology on R (called the /ower limit topology). The real line equipped with
the lower limit topology is also known as the /ong line or the Sorgenfrey line.

Quiz 2.26: (Furstenberg’s proof of infinitude of primes) 5+95+2+8=20

Consider the natural numbers N = {0, 1,2, ...}. For a,b € N with a # 0, denote the set
P(a,b):={an+b|neN}={ba+b,2a+0b,..} CN.
a) Show that the collection
B:={P(a,b) | a,b €N, a # 0}
is a basis for a topology on N.

b) Prove that any basic open set P(a, b) € Bis also closed in (N, 7).

c) lustify that one can write

N\{-1,1}= ] P(p,0).

p is a prime
d) Prove that there are infinitely many prime numbers.

Note: this topological proof of the infinitude of primes was first given by H. Furstenberg.

2.4 Subbasis of a topology

Definition 2.27: (Subbasis of a topology)

Given a topological space (X, T), a subbasis is a collection of subsets S C 7 such that 7 is the smallest
topology on X containing S.

Assignment 2.28: 59+5+5=15
Suppose (X, T) is a topological space, and S C T is a sub-collection. Prove that the following are
equivalent.

a) Sisasubbasis of T.
b) 7 is the intersection of all possible topologies on X, that contains S.

c) The collection B of all possible finite intersections of elements of S is a basis for 7.

13



Proposition 2.29: (Topology generated by subbasis)

Let X be a set, and S be any collection of subsets of X (i.e, S C P(X)). Then, S is a subbasis for a
(unique) topology on X (called the topology generated S).

Proof : Consider the collection
T:={T CP(X)| T is a topology and S C T}.

Note that it is a nonempty collection, as P(X) € ¥. Denote T, = ﬂTeg T . Then 7, is a topology, and
by definition, it is the smallest one containing S. O

Explicitly, an open set of the topology generated by a subbasis S can be (non-uniquely) written as an arbitrary
union of finite intersections of elements of S.

Exercise 2.30: (Trivial subbases)

Given any set X, figure out the topologies generated by the following sub-bases :

S =0, S={g}, S={X}, S ={g X}

Exercise 2.31:

Given the plane R? consider the collection
S :={B,(z) | z € R?},
where B; () is the unit open disc centered at x. Show that

a) Sis not a basis for any topology on R?, but

b) the topology generated by S is the usual metric topology.

Hint : Place 4 unit discs with centers at the four corners of a square, with side length strictly less
than 2. Look at the intersection!

2.5 Fine and coarse topology

Definition 2.32: (Fine and coarse topology)

Given two topologies 77, T, on a set X, we say that 75 is finer than T, (and 75 is said to be coarser than

TVt T; 5 Ty

Caution 2.33:

One way to remember the terminology is to think of each open set as small pebbles. If you crush each
pebble in to finer pebbles, then you get more of it! Thus, the finer collection is larger (has more open
sets), and the coarser collection is smaller (has less number of open sets).

14



Exercise 2.34:

Check that the discrete topology on a set X is the finest, i.e., finer than any other topology that can be
given on X. Dually, the indiscrete topology is the coarsest topology.

Caution 2.35:

Not all topologies on a set are comparable to each other! Can you construct such examples on {a, b, c}?

s N

Exercise 2.36:

Show that the lower limit topology R, is strictly finer than the usual topology on R.

p

Quiz 2.37: 54+5=10

Given the real line R, consider the collection of half-open intervals
B:={(a,b] | a,b € R}.

a) Show that B is a basis for a topology on R (which is called the upper limit topology).
b) Show that the upper limit topology on R is strictly finer than the usual topology.

Assignment 2.38: (K -topology on R) 59+34+2=10
Denote, K = {% | n € N} C R. Consider the collection,
B={(a,b) | a,b € R} J{(a,b)\ K | a,b € R}.

Show that B is a basis for a topology on R (called the K-topology). Prove that the K-topology is strictly
finer than the usual topology on R, but is not comparable to the lower limit topology.

Hint : Consider the sets [0,1) and [0,1) \ K.

15



Day 3 : 14" August, 2025

closure — interior — boundary — subspaces — continuous function

3.1 Limit points and closure

Definition 3.1: (Limit point)

Given a space X and a subset A C X, a point x € X is called a /imit point (or cluster point, or point
of accumulation) of A if for any open set U C X, with x € U, we have A N U contains a point other
than .

Exercise 3.2:

Show that if A is a closed set of X, then A contains all of its limit points. Give an example of a space X
and a subset A C X, such that

a) there is a limit point z of A which is not an element of A, and

b) there is an element a € A which is not a limit point of A.

Definition 3.3: (Adherent and isolated points)

Given a subset A C X, a point x € X is called an adherent point (or points of closure) if every open
neighborhood of x intersects A. An adherent point which is not a limit point is called an isolated point
of A (which is then necessarily an element of A).

Definition 3.4: (Closure of a set)

Given A C X, the closure of A, denoted A (or cl(A)), is the smallest closed set of X that contains A.

Exercise 3.5:

Show that A C X is closed if and only if A = A.

Exercise 3.6:

Forany A C X, show that A is the intersection of all closed sets of X containing A. In particular, A C A.

16



Proposition 3.7:

Given A C X, we have

A = {z € X | z is an adherent point of A}.

Proof : Suppose x € X is an adherent point of A. Let C' C X be a closed set containing A. If possibly,
sayz ¢ C =z € X\ C.Now, X\ Cisanopen set,and AN (X \ C) = &. This contradicts that z
is an adherent point of A. Thus, z € C'. Since C was arbitrary, we get x € A. Thus, A contains all the
adherent points of A.

Conversely, suppose x € A If possible, suppose x is not an adherent point of A. Then, there exists some
open set U suchthatz €e U and UN A = @. Now, A C (X \U), and X \ U is a closed set. So, AcC
X\U = ANU = @&.This means, = ¢ A, a contradiction. Thus, z must be an adherent point of A. This
concludes the claim. O

Assignment 3.8: (Closure properties) 4+1)+5+(4+1)+5=20

Let X be a space.
a) ForA,B C X, if A C Bthen A C B. Give an example where A C Bbut A = B.
b) Given a finite collection A, ..., A,, C X, show that

n n -
i=1 i=1
c) Given any infinite collection of subsets A, C X (for a € Z, some indexing set), show that

Uo U

o€l o€l

Give an example of a countably infinite collection, where equality doesn’t hold.

d) Given any collection of subsets A, C X (for o € Z, some indexing set), show that

[ A. C [ A
acl

o€l

Give an example of A, B C X suchthat AN B C AN B.

Quiz 3.9: (Interior of union and intersection) 44+4+2=10

Given A, B C X, show that
a) int(AN B) = int(A) Nint(B), and
b) int(A U B) D int(A) Uint(B), and
Given an example when int(A U B) # int(A) U int(B).

17



Exercise 3.10:

Suppose A = {z,,} C Ris an infinite set.

a) If x = lim,, x,, exists, then show that x is a limit point of A.

b) If z € Ris a limit point of A, then show that there is a subsequence {wnk} with z = lim; z,, .

Suppose,
1—1 n=2k
T =
" |24%f n=2k+1
What are the limit points of A = {z,, | n € N}?

Definition 3.11: (Locally finite)

Given any collection A of subsets of a space X, we say A is a locally finite collection if for each z € X,
there exists an open neighborhood = € U, such that U intersects only finitely many subsets from A

Proposition 3.12: (Closure of locally finite collection)

Suppose A = {A,}___ isalocally finite collection of subsets of X. Then, | J A, =U_ 4,

Proof : We only show Ua A, C Ua A_a If possible, suppose x € Ua A, and z ¢ UA_a By local finite-
ness, we have some open neighborhood U of z, which only intersects, say, A4, , ..., A, € A (the list
can be empty as well). Now, consider the set V = U \ U:;l Aai, which is open (check). Clearly x € V.
But VN (| JA,). This contradicts the fact that x is a closure point. O

3.2 Interior

Definition 3.13: (Interior of a set)

Given A C X, the interior of A, denoted A (or int(A)), is the largest open set contained in A. A point
x € Ais called an interior point of A.

Exercise 3.14: (Interior of open sets)

Forany A C X show that A is the union of all open sets contained in A. In particular, show that A C X
is openifandonly if A = A.

Exercise 3.15: (Interior point)

Given A C X, show that a point z € X is an interior point of A if and only if there exists some open set
U C Xsuchthatz € U C A.

18



Quiz 3.16: 5

Suppose U C X is an open set. Prove (or disprove by example) : U = int (ﬁ)

3.3 Boundary

Definition 3.17: (Boundary of a set)

Given A C X, the boundary of A, denoted A (or bd(A)), is defined as

dA=AN(X\A).

Clearly boundary of any set is always a closed set. Also, observe the following. Givenany A C X, a pointz €
X can satisfy exactly one of the following.

a) There exists an open set U with z € U C A (whence x is an interior point of A).
b) There exists an open set U withz € U C X \ A (whence z is an interior point of X \ A).

c) Foranyopenset U withxz € U,wehave UN A+ gand U N (X \ A) = & (whence z is a boundary
point of A).

Exercise 3.18:

Given A C X, show that

0A ={x € X | for any U C X open, withx € U ,wehave UNA#* 3 +UN(X\A)}

Exercise 3.19:

Find out the boundaries of A, when
a) A={(z,y) | 2* +¢y* <1} C R? and
b) A={(z,y,2) | 2> +9*> <1, 2=0} CR%.

Caution 3.20:

The above exercise shows that our intuitive notion of boundary of a disc may be misleading! In order to
justify our intuition that “the boundary of a disc is the circle”, one needs to treat it as a ‘manifold with
boundary’.

Quiz 3.21: (Boundary properties) 6+ (2+2)=10

Let A C X be given.
a) Show that A = AuoA (i.e., a disjoint union).
b) Show that A is open if and only if 9A = A \ A.

19



Assignment 3.22: (Boundary computation) 1x442x3=10

Compute the boundary of the following subsets A C X.

a) X isany space,and A = X.

b) X isany space, and A = &.

c) X isadiscrete space,and g #+ A C X.

d) X isanindiscrete space,and & + A C X.
e) X=Rand A="7.

f) X=Rand A =Q.

gl X=RandA={2|neN}L

3.4 Subspaces

Definition 3.23: (Subspace topology)

Given a topological space (X,7) and a subset A C X, the subspace topology on A is defined as the
collection

Ty,:={UCA|U=ANO for some O € T}.

We say (A, T,) is a subspace of (X, 7).

Exercise 3.24:

Suppose U C X is an open set. What are the open subsets of U in the subspace topology? What are
the closed sets?

Proposition 3.25: (Closure in subspace)

LetY C X be asubspace. Then, a subset of Y is closed in Y if and only if it is the intersection of Y with
a closed set of X. Consequently, for any A C Y, the closure of A in the subspace topology is given as
AY =AnY.

Proof : For any C' C Y, we have

Cisclosed in Y < Y \ C is open in Y (by definition of closed set)
S Y\NC=YNU, for some U C X open (by definition of subspace topology) .

Then,
C:Y\(Y\C):Y\(YﬂU):Y\U:Yﬂ((X\U))closede

On the other hand, for any closed set F' C X, we have

Y\(YﬂF)ZY\F:YQ((X\F))openinX7

which implies Y \ (Y N F) is open in F. ButthenY N Fisclosedin Y.
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Now,

AY= (1 ¢c= [ no)=Yyn| (] C|=YnA

CCY closed CcX closed CcX closed
AcC AcC AcC
This concludes the proof. O

Exercise 3.26: (Interior and subspace)

Prove or disprove : Let Y C X be a subspace, and A C Y. Then, the interior of A inY (with respect the
subspace topology)is ANY.

Exercise 3.27: (Metric topology and subspace)

Suppose (X, d) is a metric space. Given any A C X, show that d restricts to a metric on A. Show that the
subspace topology onany A C X is the same as the metric topology for the induced metric space (4, d).

3.5 Continuous function

Definition 3.28: (Continuous function)

Given two topological spaces (X, Tx) and (Y, 7y), a function f : X — Y is said to be continuous if
fYHU) € Ty forany U € Ty (i.e., pre-image of open sets are open).

Exercise 3.29: (Pre-image of closed set)

Show that f : X — Y is continuous if and only if preimage of closed sets of Y is closed in X.

Quiz 3.30: (Continuity : closure and interior) 5+5+5=15

Givenamap f : X — Y, show that the following are equivalent.
a) fis continuous.
b) For any subset A C X, we have f(Z) f(A).
c) Foranysubset B C Y, we have f~!(int(B)) C int (f~(B)).

Exercise 3.31: (Continuity of the identity)

Suppose X is equipped given topologies 7; and 75. Show that 7; is finer than 7, if and only if Id :
(X,7T;) = (X, 7T;) is continuous.
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Assignment 3.32: (Maps from discrete topology) 5+54+5=15

Suppose (X, T) is a topological space. Show that the following are equivalent.

a) X has the discrete topology, i.e., T = P(X).
b) Given any space Y, any function f : X — Y is continuous.
c) ThemaplId: (X,7) — (X,P(X)) is continuous.

Quiz 3.33: (Maps into indiscrete topology) )

Suppose X is a topological space. Show that the topology is indiscrete if and only if given any space Y,
any function f : Y — X is continuous.

Hint : Consider Y = X equipped with the indiscrete topology, and f = Id.

Assignment 3.34: (Subspace and inclusion) 5+5=10

Suppose (X, T) is a space, and some A C X is equipped with the subspace topology 7 4.

a) Show that the inclusion map ¢ : A < X is continuous.

b) Suppose S is some topology on A such that the inclusion map ¢ : (A,S8) < (X, T) is continuous.
Show that S is finer than 7.

Definition 3.35: (Open map)

Given two topological spaces (X, Tx) and (Y, 7y), a function f : X — Y is said to be open if f(U) €
Ty forany U € T (i.e, image of opens sets are open).

Exercise 3.36: (Openness of the identity)

Suppose X is equipped given topologies 7; and 75. Show that 7, is finer than 7; if and only if Id :
(X, T1) — (X, T5) is open.

Exercise 3.37: (Openness of bijection)

Suppose f : X — Y is a bijection. Show that f is open if and only if ! is continuous.
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Definition 3.38: (Homeomorphism)

Given two topological spaces (X, 7x) and (Y, 7y ), a function f : X — Y is said to be a homeomor-
phism if the following holds.

a) fis bijective, with inverse f~! : Y — X.
b) fis continuous.

c) fisopen (or equivalently, f~! is continuous).

Exercise 3.39: (Continuous bijective map)

For 0 < t < 1, consider f(t) = (cos 2mt, sin 2rt). Check that f : [0,1) — R? is a continuous, injective
map. Draw the image. Is it a homeomorphism onto the image (with the corresponding subspace
topologies)?

Caution 3.40: (/Invariance of domain)

In general, a continuous bijection need not be a homeomorphism. However, there is a special situation
known as the Invariance of domain. Suppose U C R™ is an open set. Consider a continuous injective
map f : U — R™. Denote V := f(U). Clearly, f : U — V is a continuous bijection.

It is a very important theorem in topology that states : V is open and f : U — V is a homeomorphism.

Definition 3.41: (Closed map)

Given two topological spaces (X, Tx) and (Y, 7y-), a function f : X — Y is said to be closed if f(C) is
closed in Y for any closed set C' C X.

Exercise 3.42: (Open and closed map)

Give examples of continuous maps which are :

a) open, but not closed,
b) closed, but not open,
c) neither open nor closed,

d) both open and closed.

Hint : Consider f, (z,y) = =, fy(x) = {2 "0 f3(x) = sin(x), and f,(z) = z.

Exercise 3.43: (Continuity is local)

Suppose X = | JU,, for some open sets U,,. Show that f : X — Y is continuous if and only if f]Ua —
Y is continuous for all a.
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Theorem 3.44: (Pasting lemma)

Suppose X = AU B, for some closed sets A,BC X.letf: A—Y,g: B— Y be given continuous
maps, such that f(z) = g(x) forany z € A N B.Then, there exists a (unique) continuous map h : X —

Y such that h(z) = {5((;0)) iig,

Proof : Clearly, h is a well-defined function, and it is uniquely defined. We show that A is continuous. Let
C C Y be aclosed set. Then,

hHC) = fH(C) U g1 (O).

Now, f~1(C) Cc Aand g'(C) C Bare closed sets (in the subspace topology). But then they are closed
in X, since A, B are closed. Then, hil(C’) is closed. Since C' was arbitrary, we have h is continuous. [J

Exercise 3.45: (Pasting lemma for finite collection)
Suppose X = U:L:l C; for some closed sets C; C X. Let f, : C; — Y be continuous functions such that
filz) = f;(x), zeCNC;, 1<i<j<n

Show that there exists a (unique) continuous function i : X — Y such that h(z) = f;(z) whenever
z € (.

Caution 3.46: (Pasting lemma for infinite collection)

Pasting lemma need not hold true for infinite collection! Consider X to be the integers Z equipped with
the cofinite topology (i.e., open sets are either & or complements of finite subsets). Check that {n} C
X is closed, and the inclusion map ¢ : X < R is continuous on each {n}. Finally, check that ¢ is not
continuous itself.

Quiz 3.47: (Pasting lemma for locally finite collection) 5+5+5=15

Let X be a space.

a) Given a locally finite collection { F, } of subsets of X, show that | J F, = | J F,,.

b) Suppose C = {Ca}aez is a locally finite collection of closed subsets of X. For some space Y, let
fo : C,, — Y be a collection of continuous functions such that f,(z) = fz(z) forany z € C, N
Cg. Then, prove that there exists a unique continuous function & : X — Y suchthath(z) = £, ()
whenever z € C,,.

c) Give an example of an infinite collection of closed sets, where the above pasting argument fails.

Assignment 3.48: (Topology induced by family of functions) 10

Let X beasetand 7 = {f, : X = Y.} _ bea collection of functions, where (Y, 7,) is a topological
space. Consider the collection

S={f"U) | f=Ff, €F, UeT}
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Show that the topology on X generated by S (as a subbasis) is the smallest (i.e., coarsest) possible
topology on X such thateach f,, : (X,7T) — (Y,,,7,,) is continuous.
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Day 4 : 20" August, 2025

product spaces

4.1 Product space

Definition 4.1: (Finite product)

Given X, ..., X,,, the product space is the Cartesian product X = X; x ... x X, equipped with the
topology generated by the basis

B:={U; x..xU, | U; CX,isopenforall 1 <i<mn}.

Caution 4.2: (Product topology and basis)

Note that the product topology on X x Y is generated by the basis {UxV |U C X,V C
Y are open}. In particular, not all open sets look like a product.

Exercise 4.3: (Finite product induced by projection)

Show that the product topology on X := X, X ... x X, isinduced by the collection of projection maps

Motivated by this, let us define the product of arbitrary many spaces.
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Definition 4.4: (Product topology)

Let {Xa}aez be an arbitrary collection topological spaces, indexed by the set Z. Denote the product as
the set of tuples

X =[] X0 ={(za) | 2, € X, for all a € T}.

a€l

Then, the product topology (or the Tychonoff topology) on X is defined as the topology induced by the
collection of projection maps {m, : X — X} __

Proposition 4.5: (Product topology basis)

The product topology is generated by the basis

B := {H U, | U, c= X, is open, and U, = X, for all but finitely many « € I}.

Proof : It is easy to see that B is a basis. Indeed, elements of B are of the form

7t (Ual) N...N 7'(';}1 (U ),

g 97

for some opensetsU, C X, ,...,U,, C X, .Theclaim follows. O

Definition 4.6: (Box topology)

Given a collection { X, } of spaces, the box topology on X = [] X, is generated by the subbasis

S := {H U, U, CX,is open}.

Clearly, the box topology is finer than the product topology. In particular, the projection maps are continuous
with respect to the box topology as well.

Exercise 4.7: (Box and product topology)

Show that for a finite product X; x ... x X, of spaces, the box and the product topology agree.
Moreover, show that for an infinite product, the box topology is always strictly finer than the product
topology.

Caution 4.8: (Product topology always means Tychonoff topology)

Unless explicitly mentioned, always assume that a product space is given the Tychonoff topology. The
box topology is usually too fine (i.e, has too many open sets), and is useful in constructing counter-
examples.
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Theorem 4.9: (Universal property of the product topology)

Let {Xa}aez be a collection of topological spaces. For a space (Z,7), and a collection of continuous
maps g, : Z — X_,, consider the following property.

Then, the following holds.

a) The product space X = [] X, with the product topology, and the projection maps 7, : X — X
satisfies the property P(X, 7))

b) If (Z, g, ) is any other tuple satisfying the property P(Z, g,,), then there is a homeomorphism ® :
Z — X suchthatm, o ® =g,

Proof : Givenany f, : Y — X, defineh: Y — X =[[ X, by
h(y) = (fa(¥),

which clearly satisfies 7, o h = f,,, and hence, is unique. Let us show h is continuous. We only need to
check continuity for subbasic open sets, which are of the form w;ol (U) for some U C Xa0 open. Now,

B (10 (U)) = (70, o) (U) = £22(0),

which is open as f,, is continuous. Thus, the property P(X,n,) holds.

The second part is a standard diagram chasing argument. Suppose (Z, v,,) is a tuple satisfying P(Z, v,,).
Then, consider the collection of commutative diagrams.

HXa o

The existence of (unique) ¥ : [[ X, — Z is justified by P(Z, g,). Next, consider the collection of
commutative diagrams

A 9a

H Xa XOé'

Ta

Again, existence of (unique) @ is justified by P(] [ X, 7, )- Now, consider the following case.

[1Xo e
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Let us observe that
Moo (Po¥W)=(m,0®@)o W =g, 0U=nm,,
which follows from the previous two diagrams. Also, clearly
Ty old =7,

Hence, by the uniqueness in P(]| X, 7, ), we must have ® o ¥ = IdHXa' By a similar argument, we
get ¥ o ® = Id,. Hence, ® is a homeomorphism, with inverse given by . O

Exercise 4.10: (Map into box topology)

Suppose X = RN, equipped with the box topology. Show that the map f : R — X defined by ft) =
(t,t,...) is not continuous.

Hint : Consider the openset U = [](—%,+) = (—1,1) x (—3,3) x (—3,3) x ... C X.

n’

Assignment 4.11: (Closure of product) 5+5=10

Let X, be a family of spaces, and A, C X,.Consider A := [[ A, C X = [[ X,,.Showthat A = [[ 4,,
for both product and box topology on X.

Assignment 4.12: (Dense subset of product) 7+3=10

Given an infinite collection {Xa}aez of (non-empty) spaces, consider the product space X = [] X, . Fix
a point z = (z,,) € X. Consider the subset

A:={(z,) € X | z, = 2z, for all but finitely many o € I'}.

Show that A = X.

Prove (or disprove by example) the same if X is given the box topology.
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Day 5 : 215t August, 2025

Hausdorff axiom — T,,T77,7, — convergence of sequence — sequential continuity — quotient space

5.1 Hausdorff Axiom

Definition 5.1: (Hausdorff space)

A space X is called Hausdorff (or a T;,-space) if for any z, y € X with x # y, there exists open neighbor-
hoodsz € U, C X,y € U, C X, suchthatU, N U, = &. In other words, any two points of a Hausdorff
space can be separated by open sets.

Exercise 5.2: (Product of T, -spaces)

Suppose {X,} is a collection of T,-spaces. Show that X =[] X, is T}, with respect to the product
topology (and hence, with respect to the box topology as well).

Being Hausdorff is a very desirable property of a space.

Exercise 5.3: (Metric spaces are Hausdorff)

If (X, d) is a metric space, then show that the metric topology is Hausdorff.

Proposition 5.4: (Points are closed in Hausdorff space)

Suppose X is a Hausdorff space. Then, {z} is a closed subset of X for any z € X.

Proof : Suppose y # x. Then, by Hausdorff property, we have some open sets U and V such that = €
U,y € VandU NV = . In particular, y is not a closure point of {z}. Thus, {z} is closed. O

Note that in the proof, the full strength of the Hausdorff property is not used.
Definition 5.5: (7] space)

A space X is called a T} -space (or a Fr'{ejchet space) if for any z € X, the subset {z} is a closed set.

Exercise 5.6: (1] but not T, space)

Given an example of a space X which is T but not T5,.

Exercise 5.7: (T -space equivalent definition)

Let X be a space. Show that the following are equivalent.
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a) XisaT] space.

b) Foranyz,y € X with z # y, there exists open neighborhoodsz € U, C X andy € Uy C X such
thaty ¢ U, andz ¢ U,

c) Any A C X is the intersection of all open sets containing A.

d) Forany A C X and x € X, we have z is a limit point of A if and only every open neighborhood
of x contains infinitely many points of A. (What happens when X is finite?!)

Definition 5.8: (1},-space)

A space X is called a 7{,-space (or a Kolmogorov space) if for any two points z # y € X, there exists an
open set U C X which contains exactly one of z and y.

Remark 5.9: (Topolgoically distinguishable and separable)

Suppose =,y € X are two points. Note the following hierarchy.
 (Distinct) If x # y, we say x, y are distinct.

* (Topologically distinguishable) If there is at least one open set that contains exactly one of x and
1y, We say x, y are topologically distinguishable.

* (Separable) If there are two neighborhoods U, Uy of x, y respectively, which does not contain the
other, we say z, y are topologically separable.

* (Separated by opens) If there are two neighborhoods U, Uy of z, y respectively, such that U, N
Uy = J, we say x, y are separated by open sets.

Later, we shall see how this continues to points and closed sets as well.

Exercise 5.10: (1}, but not T space)

Given an example of a space X which is Tj, but not 7. What about

Exercise 5.11: (Zariski topology)

Suppose F = R or C. Give it the topology 7 = {&,F*,F}, where F* = FF \ {0}. Consider the family
of polynomial functions F := {p : F* — F}. The topology induced by F on F" is known as the Zariski
topology. Determine whether it is T;), T} or 1T5.

5.2 Convergence of sequence

Definition 5.12: (Convergence of sequence)

Suppose {xn}n>1 is a sequence of points in a space X (i.e, z : N — X is a function). We say {z,, }
converges toa limit z € X if for any open neighborhood U of z, there is a natural number N, such that
xz, € Uforalln > Ny.
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Exercise 5.13: (Convergence in metric)

Check that the notion of convergence in a metric space is equivalent to the usual notion (i.e, x,, — x if
and only if d(z,,, ) — 0). In particular, they are the same from real analysis.

Example 5.14:

Suppose X is an indiscrete space, with at least two distinct points z, y € X. Consider the sequence

n

z n is odd
T, = .
y niseven .

Observe that the sequence converges to both z and y. In fact, any sequence in X converges to every
point in the space X. Note that an indiscrete space is not even T7j,.

Example 5.15:

Suppose X = {0, 1}, with topology 7 = {&, {0}, {0, 1}}. This space (X, T) is known as Sierpi'{n}ski
space. Clearly it is Tj, but not T since {0} is not closed. Now, consider the sequence z,, = 0 forall n >
1. Then, {z,,} converges to both 0 and 1.

Proposition 5.16: (Convergence in T5)

Suppose {z,, } is a sequence in a T,-space X. Then, {x,, } can converge to at most one point in X.

Proof : If possible, suppose {z,, } converges to distinct point x # y. By Hausdorff property, we have
two open neighborhoods U, Uy of z, y respectively, such that U, N Uy = . We also have two natural
numbers Ny, Ny such that z,, € U, foralln > N, and z,, € U, foralln > N,. Set N = max{Ny, N, }.
Then,

r, €U, NU,, foralln>N.

This is a contradiction. Thus, any sequence can converge to at most one point. O

Assignment 5.17: (Non-Unique Convergence in T}) 34+3+4=10

Let X be an infinite set, equipped with the cofinite topology. Prove the following.
a) X isT] butnotT;.

b) A sequence {z, } in X which is eventually constant, say, z,, = = for some n > N, converges to
only x and no other point.

c) Asequence {z, } in X where no point is repeated infinitely many times, converges to every point
in X.
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Quiz 5.18: (Convergence in cofinite topology) 3+3+4=10

Suppose X is an infinite set, equipped with the cofinite topology. Prove the following.

a) If {z,,} is a sequence such that no point is repeated infinitely many times, then z,, converges to
every point of X.

b) If {z,,} is a sequence such that exactly one point, say y, is repeated infinitely many times, then z,,
converges to only y, and no other point of X.

Now, suppose {z,, } is some arbitrary sequence in X which converges to some z. Show that the sequence
must be either of type a) or type b).

Hint : In other words, show that if there are two or more points that is repeated infinitely many
times, then the sequence cannot converge.

Assignment 5.19: (Unique convergence in T}) 3+3+4=10

Let X be an uncountable set, equipped with the cocountable topology. Prove the following.
a) X isT] butnotT;.

b) If a sequence {z,,} in X converges to some z, the sequence is eventually constantly equal to z,
i.e., thereissome N > 1suchthatz, = x foralln > N.

c) Any sequence in X can converge to at most one point.

-

Quiz 5.20: (Convergence in Particular Point Topology) 4+4+4+2=10

=

Let X be a nonempty set, and fix a point p € X. Consider the collection
T,={SC X |peStu{g}.

a) Show that 7, is a topology on X (called the particular point topology).

b) Consider asequence {z,,} in X, whose tail (i.e, the subsequence {z,,} _ . forsome N > 1)looks
like B

‘T’p)‘r7p)x7p) cee

Show that z,, converges to z. If  # p, then show that the sequence does not converge to p.

c) Determine (with explanation) whether (X, 7,) is Ty, T}, Ty.

Assignment 5.21: (Convergence in product and box topology) 4+6=10

Given a collection of T),-spaces (even T} will suffice) { X, }, denote the product set X = [] X_,. Suppose
T, = (:vma) is a sequence of points, and let x = (x,) € X. Prove the following.

a) z,, — x in the product topology, if and only if Ty o = Ty in X, foreach a.

(Note : you don’t need to assume T, for this case.)
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b) z,, — z in the box topology, if and only if

i) z, , — 2, ineach X, and moreover,
ii) there is a finite set of S = {ay, ..., a,, } of indices, and an integer N > 1, such that =, , =
z, foralln > N andforalla ¢ S.

That is to say, x,, — = in the box topology if and only if it converges component-wise, and
moreover, all but finitely many components are uniformly eventually constant.

(Note : you need to assume T, for the “only if” part.)

5.3 Sequential Continuity

Definition 5.22: (Sequenttial continuity)

A function f : X — Y is said to be sequentially continuous if for any converging sequence x,, — x in
X, we have f(z,,) = f(z)inY.

Proposition 5.23: (Continuous functions are sequentially continuous)

Suppose f : X — Y is a continuous map. Then f is sequentially continuous.

Proof : Suppose z,, — z is a converging sequence in X. Let f(z) € U C Y be an arbitrary open neigh-
borhood. Then, it follows from continuity of f that f~1(U) C X is open. Clearly z € f~}(U). Hence,
there issome N > 1suchthatx, € f~1(U) foralln > N. Thisimplies f(x,,) € U foralln > N. Since
U was arbitrary, we see that f(z,,) — f(z). But this means f is sequentially convergent. O

Proposition 5.24: (Sequential continuity in metric spaces)

Suppose (X, d) is a metric space with the metric topology, and Y be any space. Then, any sequentially
continuous map f : X — Y is a continuous map.

Proof : Let U C Y be open. In order to show f~1(U) C X is open, we show that any z € f~1(U) is
an interior point of f~1(U). Consider the metric balls B, := B, (:v, %) C X. If possible, suppose B,, ¢
f~1(U) for any n. Pick points z,, € f~1(U) \ B,,, and observe that z,, — x (Check!). Then, we have
f(z,,) — f(z).Since U is an open neighborhood of f(x), we have some N > 1 such that f(z,) € U
for all n > N. But then z,, € f~1(U) for n > N, which is a contradiction. Hence, we must have that
for some IV, > 1 the metric ball By, C f~Y(U). Thus, z is an interior point. Since x is arbitrary, we get
f~Y(U) is open. Consequently, f is continuous. O
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Caution 5.25: (Sequential conitinuity may not imply continuity)

In general, sequential continuity may not imply continuity! Consider X to be a space equipped with
the cocountable topology. Then, any convergent sequence in X is eventually constant. That is, if z,, —
x in X, then for some N > 1, we have z,, = x for all n > NN. But then any function f: X — Y is
sequentially continuous (Why?). Assume X is uncountable, so that the cocountable topology is not the
discrete topology. Then, there are non-continuous maps on X. For example, consider Y = X equipped
with the discrete topology, and then look at the identity mapId : X — Y.

5.4 Quotient space

Definition 5.26: (Quotient map)

Given a space (X, 7)) and a function f : X — Y to asetY, the quotient topology on Y is defined as
Tr={U | f1(U)eT}

Themap f: (X,7T) — (Y, 7}) is called a quotient map. In other words, f is a quotient mapif U C Y
is open if and only if ffl(U) C X is open.

Proposition 5.27: (Quotient topology is topology)

The quotient topology 7 is indeed a topology on Y, and f : (X,7T) — (Y, 7}) is continuous.

Proof : We check the axioms.
) geT;sinced=fa)eT.
i) Y € TpsinceX =f1(Y)eT.

iii) For any collection {U, € T;}, we have f~*(JU,) = f*(U,) € T. Thus, T} is closed under
arbitrary union.

iv) For a finite collection {Ui}f:l, we have f~H(NU;) = (N f~(U;) € T. Thus, T} is closed under
finite intersection.

Hence, 7} is a topology. By construction, f is then continuous. O

35



Theorem 5.28: (Universal property of quotient topology)

Suppose (X,Tx) and (Y, 7y ) are given. Then, for any set function, ¢ : X — Y, the following are
equivalent.

1. 7Ty is the quotient topology induced by ¢ (in other words, ¢ is a quotient map).
2. Ty is the finest (i.e, largest) topology for which g is continuous.

3. Ty is the unique topology having the following property :

q
X —Y

feoq
Z

for any space (Z,7T,) and any set map f : Y — Z, we have f is continuous if and only if f o g is
continuous

Proof : Suppose ¢ is a quotient map. If possible, there is some topology Sy- on Y such that 7y- C Sy
andq: (X, 7Tx) — (Y, Sy ) is continuous. Since Sy is strictly finer than 7y, there is some set U € Sy \
Ty. But then ¢~ 1(U) € Ty, as q is continuous. This implies U € cal T}, a contradiction. Hence, the
quotient topology is the finest topology on Y making ¢ continuous.

Conversely, suppose 7y is the finest topology so that g is continuous. Recall the quotient topology is
T,={U ¢ '(U) € Tx}

Since ¢ is continuous, for each U € Ty we have ¢~ '(U) € Tx. In particular, Ty C 7,. Also, ¢ :

(X,Tx) — (Y, T,) is continuous. Since Ty is the finest such topology, we must have 7y, = 7.

Next, suppose Ty is the quotient topology. Let us choose some space (Z,7,)andsetmap f: Y — Z.
If f is continuous, then we have f~1(U) € Ty forall U € T,. Then,

(feoq) ™ (U)=q¢ ' (f1(V)) € Tx,

by the definition of quotient topology. Thus, f o ¢ is continuous. On the other hand, suppose f o q is
continuous. Then, for any U o T, we have ¢~ (f~*(U)) € Tx. But then again by the definition of quo-
tient topology, we have f~1(U) € Ty, which shows that f is continuous. Thus, 7y~ satisfies the property.
If possible, suppose Sy is another topology on Y satisfying the property. Let us take Z = (Y, 7y ) and
f=1dy : (Y,Sy) = (Y, Ty). Then, we have f is continuous if and only if f o g is continuous. But, f o
qg=¢q:(X,Tx) — (Y, Ty), which is continuous being the quotient map. Hence, f is continuous. This
implies 7y- C Sy. But Ty is the finest topology for which g is continuous, and hence, 7y, = Sy-. This
proves the uniqueness.

Finally, suppose Ty is the unique topology satisfying the property above. We show that the quotient
topology 7:1 satisfies the property. Suppose (Z,T,) is some space, and f : Y — Z is a set map. If f:
(Y, T,) = (Z,T,) is continuous, then for any U € T, we have

(feq) ™ (U)=q¢ ' (f1(U)) € Tx,
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since f~1(U) e T, On the other hand, if foq is continuous, then for any U € 7, we have
g '(f71(U)) € Tx, which implies, f~'(U) € T,. Thus, f is continuous. In particular, 7, satisfies the
property, and hence, 75 is the quotient topology by uniqueness.

This concludes the proof. O

Remark 5.29: (Quotient map and surjectivity)

Suppose f : X — Y is a quotient map. Assume that f is not surjective. Then, foranyy € Y \ f(X) we
have f~1(y) = @ C X open, and hence, {y} is open in Y. In other words, Y \ f(X) has the discrete
topology. Also, f(X) C Y is both an open and closed set. Hence, the open and closed sets of f(X) in
the subspace topology are precisely the same in the actual (quotient) topology on Y. For these reasons,
we can (and usually we do) assume that a quotient map is surjective.

Remark 5.30: (Surjective map and equivalence relation)

Suppose f: X — Y is a surjective map. Then, the collection |_|er f‘l(y) is a partition on X, and

hence, induces an equivalence relation. Indeed, we can define x; ~ z, if and only if f(z;) = f(x,).
Conversely, given any equivalence relation ~ on X, we see thatq : X — X/ _,isasurjective map, where
X/ is the collection of all equivalence classes under the relation ~.

Givenasetmap f: X — Y, asubset S C X is called saturated (or f-saturated)if S = f~1(f(S)) holds.

Exercise 5.31: (Saturated open set)

Given a quotient map ¢ : X — Y, a set U C X is g-saturated if and only if it is the union of the
equivalence classes of its elements (i.e, U = |J__ []).

Definition 5.32: (/dentification topology)

Given an equivalence relation ~ on a space X, the identification topology on the set Y = X/ _ of all
equivalence classes is the quotient topology induced by the map ¢ : X — Y, which sends z — [z]. The
quotient map q is called the identification map.

Proposition 5.33: ([0, 1] /{0, 1} is S*)

Consider {0, 1} C [0, 1], and let X = [0, 1]/( 1; be the identification space. Then, X is homeomorphic
to the circle S := {(z,y) | z® + y* = 1} C R?.

Proof : Consider the map f : [0,1] — S given by f(t) = (cos(2nt),sin(2wt)). Clearly, f is continuous
and surjective. Also, f(0) = (1,0) = f(1).
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0,1] —— 5*

R

X

Passing to the quotient X = [0,1]/{0,1}, wegetamap f : X — S defined by f([z]) = f(x). Itis easy
to see that f is well-defined, and hence, by the property of the quotient topology, f is continuous. Now,
f is surjective (as f was), and moreover, it is injective.

In order to show f is open, we consider the two cases.

i) SupposeV C X isan open set, suchthat[0] = [1] = {0,1} ¢ V.Then, ¢ (V) C [0, 1] isan open
set, which is actually contained in (0, 1). In particular, ¢~ (V) is a union of open intervals. Observe
that (by drawing picture or otherwise) f maps such open intervals to open arcs of S! (which are
open in S'). Then, f(V)) = f(g ' (V)) is open.

ii) Suppose V' C X is an open set, such that [0] = [1] = {0,1} € V. Then, ¢~ 1(V) is the union of
open intervals of (0,1), as well as, [0,e;) U (1 — €5, 1] for some £,, 45 > 0. We have already seen
that any open intervals get mapped to open arcs. Also, f([0,e;) U (1 — &5, 2]) is another open arc
in S containing the point (0,1). Thus, f(V)) = f(¢~*(V)) is open in S*.

Hence, f : X — S'is a homeomorphism. O

Exercise 5.34: (R/Z is S*)

Consider the quotient space X = R/Z, where the equivalence relation is given as a ~ b if and only a —
b € Z. Show that X is homeomorphic to the circle S*.

p

Quiz 5.35: (Suspension of sphere) 10

Given a space X, consider the identification space (known as the (unreduced) suspension space of X)

X x [0,1]
VX = ——.
X x {0,1}

Show that for any n > 0, we have a homeomorphism S"*! =~ ¥, 5" where S" = {(ﬂcl, ey Tpa1) €

R+ | Zf:ll T2 = 1} is the n-sphere as a subspace in R"*1.

Assignment 5.36: (R/Q as subgroups) 5

Let X = R/Q be the quotient space induced by the relation z ~ y if and only z — y € Q. Prove that X
has the indiscrete topology.
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Quiz 5.37: (R/Q as identification) 243+34+2=10

Let X = R/Q be the identification space, i.e, the quotient space induced by the relation a ~ b if and
onlyifa,b € Qora=5b€ R\ Q.

a) If ¢ : R — X is the quotient map, describe the open sets U C R which are g-saturated.

b) Show that for any z € R \ Q, the point [z] € X is closed.

c) What is the closure of the equivalence class [0] € X?

d) Determine (with explanation) whether X is T, T}, Tj,.

Assignment 5.38: (Attaching map) 54+(3+2)+5=15

a) Suppose A C X is a subspace and f : A — Y is a continuous map. On the disjoint union X LY,
consider the relation u ~ v if and only if

i) u=w,or

i) u,v € A, f(u)= f(v),or
i) ue A, v= f(u),or

iv) ve A, u= f(v),or

Check that ~ is an equivalence relationon X LI Y.

b) Let us denote the quotient space under the equivalence relation as X Uy Y, which is called the
attaching space obtained by the attaching map f. Check that the maps
p: X—>XU,Y q:Y > XU, Y

z = [z], and y = [y]

are continuous. Moreover, check that p| 4, = g o f.

c) Suppose we have maps ¢ : X — Z and ¥ : Y — Z such that the outer square in the diagram
commutes (i.e, ¢ |4 = ¥ o f):

Then, show that there exists a unique continuous map h : X Uy Y — Z making the triangles
commutative, i.e, hop = pand hoq = 1.
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Assignment 5.39: (Attaching space and identification space) 24+8=10

Suppose A C X is a subspace, and consider the identification space X /A (which identifies the points
of A to each other, and any point outside A to itself). Say, ¢ : X — X /A is the identification map.

a) Suppose f: X — Z is a continuous map, such that f| 4 is constant. Then, show that there exists
a unique continuous map f : X /A — Z such that foq="T.

b) Consider the constant map f: A — Y = {x} (i.e, single-point space). Prove that the attaching
space X Uy Y is homeomorphic to the identification space X/ A.

Assignment 5.40: (Topology co-induced by a family) 5+5=10
Suppose F = {f,, : (X,,T,) — Y} is a given family of maps. Consider the collection
T={UcCY|f'U)eT, VY f.}.

Prove that 7 is a topology (called the topology co-induced by the family F).

Prove that any map f: (Y,7T) — (Z,T,) is continuous if and only if fo f, : (X,,T,) — (Z,T,) is
continuous for all a.
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Day 6 : 27" August, 2025

connectedness — components

6.1 Connectedness

Definition 6.1: (Connected space)

A space X is called connected if the only clopen sets (i.e., simultaneously open and closed sets) of X are
@ and X itself. If there is a nontrivial clopenset @ C U C X, then X is called disconnected.

Proposition 6.2: (Disconnected space)

For a space X, the following are equivalent.

1) X is disconnected.

2) X can be written as the disjoint union of two open sets X = U UV, such that, @ C U C X and
gV CX.

3) X can be written as the disjoint union of two closed sets X = F' LI G, such that, & C FF C X and
FCGCX.

4) There is a surjective continuous map X — {0, 1}, where {0, 1} is given the discrete topology.

Proof : The equivalence of 1,2, 3 follows from the definition. Suppose f : X — {0, 1} is a surjective
continuous map. Then, X can be written as the disjoint union X = f~1(0) LU f~!(1), each of which
are non-trivial open sets. Conversely, if X = U U V for some nontrivial open sets, then f : X — {0,1}
defined by f(U) = 0 and f(V') = 1is a surjective continuous map. O

p

Theorem 6.3: (Image of connected set)

Suppose f: X — Y is a continuous map. Then, for any connected A C X, we have f(A) CY is
connected. In particular, if X is connected, then so is f(X).

Proof : Suppose f(A) C Y is disconnected. Then, there is a surjective continuous map g : f(A) —
{0,1}. But then, h:=go f: A — {0, 1} is a surjective continuous map, a contradiction. Hence, f(A)
is connected. O

Definition 6.4: (Connected component)

Given x € X, the connected component of X containing x is the largest possible connected subset
containing x.
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Proposition 6.5: (Existence of connected component)

Given z € X, the connected component of X containing X is defined as the

i) v U{A | z € A C X, A is connected}.

Proof : Observe that {z} is a connected set, and hence, the family is non-empty. Let us check C(z) is
connected. If not, then there exists open sets U,V C X such that

* 3¢ Cx)NTU S Ca),

e JCC(z)NV C C(x),and

e C(x)=(C(x)NU)U (C(z)NV).
Now, for any connected set A containing =, we have

A=(ANnU)U(ANV).
Then, both
FCANUC A, and I C ANV CA

cannot appear simultaneously. Hence, either A C U or A C V. Thus, we can define the two collections

U:={A|zeACX, Aisconnected, ACU},V:={A |z € ACX, Aisconnected, A C V}.

Since z € A for all such A, we must have either Y = & or V = &. Without loss of generality, assume
VY = &. But then, C(z) NV = @, a contradiction. Hence, C(z) is connected. By construction, it is the
largest such connected set which contains x. Thus, C(z) is the connected component containing z. [

Assignment 6.6: (Equivalence class of connected components) 3+3+2+2=10

Given a space X, define a relation
a ~ b < a and b are in the same connected component .
a) Check that ~ is an equivalence relation.
b) Prove that the connected components of X are disjoint closed sets, whose union is X.

c) Given an example where the connected components are not open.

d) If X only has finitely many components, show that the quotientspace Y = X/ _ isa discrete space.

Assignment 6.7: (Connectivity and homeomorphism) 594+3x34+4+2=20

a) Suppose X and Y are homeomorphic. Show that there is an induced bijection between the
connected components of X and Y.

b) Conclude that none of the following shapes (as subspaces of R?) are homeomorphic to each other.

42



(4) (i) )

Hint:If f : X — Y is a homeomorphism, then we have an induced homeomorphism f : X \
{z} > Y\ {f(z)}foranyz € X.

c) Prove that R is not homeomorphic to R” for any n > 2.

Note : similar argument can be used to show that the circle S! is not homeomorphic to the sphere
S? (or any other S™ for n > 2).

d) Why does this argument cannot be used to show that R? is not homeomorphic to R3?

Assignment 6.8: (Union of connected sets) 8+2=10

Suppose {A,, C X}ae[ is a collection of connected subsets of X. If N A, # &, then show thatU A4, is
a connected set. Given an example when A, B are connected but A U B is not connected.

Exercise 6.9: (Hyperbola and axes)

Suppose
A={(z,y) |zy=1}U{(z,y) | zy =0} CR.

Show that A has three connected components.

Theorem 6.10: (Closure is connected)

If A C X is a connected set, then for any subset B satisfying A C B C A, we have B is connected. In
particular, A is connected.

Proof : Suppose, we have B = U U V for some opensets & C U,V C B.Since A C B, we have A C
Uor ACYV (otherwise, A= (ANU) U (ANV) will be a separation of A). Without loss of generality,
say, AC U = AB c UB.Now, U C Bisclosed (in B),as B\ U = Visopen (in B). In particular, UZ =
U. On the other hand, A® = ANB > B= B c AP c UB = U. This contradicts that & C V C B.
Hence, B is connected. O
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Example 6.11: (Discrete space)

In a discrete space X, every singleton {x} is a connected component. Any subset with at least two
elements is then disconnected.

Definition 6.12: (Totally disconnected space)

A space X is called totally disconnected if the only connected components of x are precisely the
singletons.

Note that totally disconnected spaces need not be discrete.

Assignment 6.13: (Totally disconnected spaces) 5x3=15

Prove that the following spaces are totally disconnected.

a) Q with the subspace topology from R.
b) {1} U {0} as asubspace of R
c) The Sorgenfrey line R, (i.e, R with the lower limit topology).

-

Quiz 6.14: (Connected component of complement) 5+5=10

Suppose X is a connected space, and C' C X is a connected set.

a) If A C X \ C is both closed and open (in the subspace topology of X \ C), then show that C' U
A is connected.

b) If B C X \ C'isaconnected component of X \ C (in the subspace topology), then show that X \
B is connected.
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Day 7 : 29" August, 2025

product of connected spaces — interval connected

7.1 Connectedness (cont.)

Theorem 7.1: (Product of connected spaces is connected)

Suppose {Xa}aef is a collection of connected spaces. Let X = [[ X, be the product space. Then, X is
connected.

Proof : For finite product X x Y, fixa point y, € Y, and observe that

Xxy =] (({m} XY UX x {yo})cm).

reX

Note that C,, is connected since it is the union of two connected sets {z} x Y =Y and X x {y,} =
X (check!), and they have a common point (z, y,). But then X X Y is connected, as ﬂmeX C,=Xx
{yo} # @. This can be generalized to any finite product.

As for the infinite product, fix a point z = (z,) € X (If you don’t want to assume axiom of choice, then
X could be empty, which is still a connected set ). Consider the subset

A :={(z,) € X | all but finitely many z, = z,}.
Since X = A, it is enough to show that A is connected. Firstly, for any finite J C I, define
A;={(z,) € X |z, =2, forany a € I\ J}.

Observe that A; = HQGJ X, (check!), and hence, connected. Next, observe that A =
U suneet 1 simise A7 @09 () oo 1 amie A7 = {2} Thus, A is connected as well. But then X = A is
connected. O

Exercise 7.2: (Box topology may not be connected)

Consider X = RN equipped with the box topology, where R has the usual topology. Check that the
following sets are nontrivial clopen sets of X.

a) U, :={(z,) |limz, =0 in R}.
b) U, :={(z,) | {z,} is a bounded sequence in R}.

Theorem 7.3: (Closed interval is connected)

The closed interval [a, b] C R for some a < b is connected.

Proof : Suppose [a,b] = A U B for some open (and hence closed) nontrivial subsets & C A, B C [a, b].
Without loss of generality, assume that a € A. Consider the set

C:={c]| [a,c] C A}.
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Observe that since a € C since {a} = [a,a] C A. Clearly b is an upper bound for C'. Then, there is a
least upper bound, say, L := sup C.

As A is open, there is some g, > 0 such that [a,a + ¢,) C A4, and thus L > a + ¢, > a. Let us show
that L € C. Firstly, note thatforany 0 < € < ¢, we have some L — e < ¢, € C, and thus, [a, L — €] C
[a, cy] C A.Inotherwords, (L —e, L +¢) N A # @&.Butthen, Lis a closure point of A (in the subspace
topology of [0, 1]). Since A is closed, we have L € A. As A is open as well, we have some &; < ¢, such
that (L —e,, L + ;) N [a,b] C A.But then,

[G,L] = [avL_‘Sl] U (L_gle] C A,
which shows that L € C.

Now, L < b,asbis an upper bound of C'. If possible, suppose L < b. Then, for some e > 0 small, we have
[L —e,L + €] C [a,b]. Choosing € smaller, and using the openness of A, we have [a, L + €] = [a, L] U
(L,L + €] C A, which implies L + ¢ € C, contradicting L = sup C. Hence, L = b. But then, [a, L] =
[a, b] C A, contradicting that B # &.

Thus, [a, b] is connected. O

Proposition 7.4: (All intervals are connected)

Any finite or infinite interval, whether open, closed or semi-open, of R is connected. In particular, R is
connected

Proof : Let us show that R is connected. If not, then R = U LI V is a separation by open sets. Pick some
a € Uandb € V.Then, [a,b] = ([a,b] N U) U ([a,b] N V) is a separation of [a, b]. This is a contradiction
as [a, b] is connected. Hence, R is connected.

Similar argument works for the other cases. O

Assignment 7.5: (R ;- is connected) 5+5=10

Recall the K-topology R on R given by the basis
B:={(a,b) | a,b € R} U{(a,b) \ K | a,b € R},
where K = {% | n > 1}.

a) Show that the inclusions (0,00) < Ry, and (—o0,0) < R, are homeomorphisms onto the
image.

b) Conclude that R is connected.
Exercise 7.6: (Intermediate value property)

Suppose f : [a,b] — Ris a continuous map. If f(a) < f(b), then for any f(a) < x < f(b) there exists
some a < ¢ < bsuch that f(c) = x.
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Day 8 : 9'" September, 2025

path connectedness

8.1 Path connectedness

Definition 8.1: (Path connected space)

A space X is called path connected if for any z,y € X, there exists a continuous map f:[0,1] —» X
with f(0) = z and f(1) = y. Such an f is called a path joining x to y. A subset P C X is called a path
connected set if P is path connected in the subspace topology.

Exercise 8.2: (Path connected set)

Check that P C X is a path connected set if and only if for any z,y € P, there exists a pathy : [0, 1] —
X joining z = (0) toy = (1), such that «y is contained in P.

Exercise 8.3: (Star connected spaces are path connected)

Given a space X and fixed point z; € X, suppose for any z € X there exists a path in X joining z to
x. Show that X is path connected. What about the converse?

Proposition 8.4: (Path connected spaces are connected)

If X is a path connected space, then X is connected.

Proof : Suppose not. Then, there is a continuous surjection g : X — {0, 1}. Pick x € g71(0) and y €
g (1).Getapath f : [0,1] — X suchthat f(0) = x and f(1) = y.Then, h:=go f :[0,1] — {0,1} is
a continuous surjection, which contradicts the connectivity of [0, 1]. Hence, X is connected. O

Proposition 8.5: (Connected open sets of R™ are path connected)

Connected open sets of R™ are path connected.
Proof : Let U be a connected open subset of R™. If U = &, there is nothing to show. Fix some x € u.
Consider the subset

A = {y € U | there is path in U from z to y}.

Clearly A #+ gasx € A.

Let us show A is open. Say, y € A. Then, there exists a Euclidean ball y € B(y,e) C U. Now, it is clear
that for any z € B(y, €) the radial line joining y to z is a path, contained in B(y, €), and hence, in U.
Thus, by concatenating, we get a path from x to any z € B(y, €), showing B(y,e) C A. Thus, A is open.
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Next, we show that A is closed. Let y € U be an adherent point of A. As U is open, we get some ball y €
B(y,e) C U.Now, B(y,e) N A + &. Say, z € B(y, ) N A. Then, we can get a path from z to y by first
getting a path to z (which exists, since z € A), and then considering the radial line from z to y. Clearly,
this path is contained in U. Thus, y € A. Hence, A is closed.

But U is connected. Hence, the only non-empty clopen set of U is U. That is, A = U. But then clearly U
is path connected. O

In general, connected spaces need not be path connected! Here is one such example. Consider K :=
{1 | n> 1}, and the set

C :=(]0,1] x {0}) U (K, x [0,1]) C R.

(0,1)

Comb space. Removing the dotted blue line {0} x (0, 1), we get the deleted comb space.

In the picture, this is the collection of vertical black lines, along with the ‘spine’ [0, 1] along the z-axis. It is
easy to see that C'is path connected, and hence, connected. Indeed, any point can be joined by a path to the
origin (0,0). The closure of C'in R? is called the comb space. One can easily see that

C:=C U ({0} x [0,1]).

The deleted comb space D is obtained by removing the segment {0} x (0, 1) from the comb space.

Theorem 8.6: (Deleted comb space is connected but not path connected)

The deleted comb space is connected, but not path connected.

Proof : Since C' is connected, and C c D C C, we have both the comb space and the deleted comb
space are connected.

Intuitively, it is clear that there cannot be a path from p = (0,1) € D to any other point of D. Let us
prove this formally. If possible, suppose f : [0,1] — D is a path from p to some point in D. Consider
the set

A:={t] f(t) =p}=f"(p)
Clearly, A is closed in [0, 1], and it is non-empty as 0 € A.

Let us show that A is open. Let ¢, € A. Since f is continuous, there exist some € > 0 such that for any
t € [0,1] with |t — ty| < &, we have | f(t) — f(to)| < 3. In particular, such f(¢) does not intersect the
z-axis. Consider B = {z € R? | |z — p|| < 2} N C, and denote the interval
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Consider the first-component projection map : R? — R, which is continuous. Observe that m
restricts to the continuous map = : B — K, U {0} (this is where we are using the fact B does not inter-
sect the z-axis). Now, h:= 7o f|; : J — K, U {0} is a continuous map. We have K, U {0} is totally
disconnected, i.e, the only components are singletons. Now, h(t,) = 7(f(t,)) = 7(p) = 0. Hence, we
must have h(t) = 0 for all t € J, as J is connected and continuous image of a connected set is again
connected. But then, f(t) € 7 1(0) = {p} forany t € J, i.e, f(t) = pforall t € J. This shows that ¢,
is an interior point of A. Thus, A is open.

Since [0, 1] is connected, we must have A = [0, 1], as it is a nonempty clopen set. But then the original
path f is constant at p. Since f was an arbitrary path from p, we see that D is not path connected. [

Remark 8.7:

The above argument is a very common method of proving many statements in analysis and topology. So
try to understand it thoroughly!

Assignment 8.8: (Broom space) 10

Foreachn > 1, consider the line L,, joining (0, 0) to (1, %) in R2. Finally, denote L to be the line joining
(0,0) to (0,1). The broom space is defined to be the union Un>0 L,, as a subspace of R2.

(0,0) (1,0)

Broom space. Removing (0, 1) x {0}, we get the deleted broom space.
The deleted broom space is defined by removing the open segment (0,1) x {0} from the broom space.

Prove that the deleted broom space is connected, but not path connected.

Hint : Use the gradient function m(z,y) = %, which is a well-defined continuous function away
from the y-axis. Note that after removing the origin, m maps the broom space to the totally
disconnected space {0} U {% | n > 1}.
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Day 9 : 10" September, 2025

path connectedness — path component — locally connected — locally path connected — compactness

9.1 Path connectedness (cont.)

Proposition 9.1: (Image of path connected set)

Let f: X — Y be continuous. Then, for any path connected subset A C X, we have f(A) C Y path
connected. In particular, if X is path connected, then so is f(X).

Proof : Pick z,y € f(A). Then, x = f(a) and y = f(b) for some a,b € A. Get a path v :[0,1] —» A
joining a to b. Then, h = fo~:[0,1] — f(A) is a path in f(A) joining = to y. Thus, f(A) is path
connected. 0

Exercise 9.2: (Product of path connected)

Let {X_} be a family of path connected spaces. Show that the product space X =[] X, is path
connected. Give an example to show that X may not be path connected equipped with the box topology.

Definition 9.3: (Path component)

Given z € X, the path component of X containing x is the largest possible path connected set of X
containing x.

Proposition 9.4: (Existence of path component)

Given x € X, the path component of X can be defined as
P(z) :={y € X | there is a path f:[0,1] - X with f(0) =z and f(1) = y}.
Equivalently,

P(x) := U{P C X | z € P, P is path connected}.

Proof : Let us check the first part. Firstly, note that P(x) is path connected. Indeed, given any two y, z €
P(zx), we have two paths f : [0,1] — P(z) and g : [0,1] — P(z) joining, respectively, z to y and z to
z. We can construct the concatenated path h as follows

Check that h is continuous! Clearly, & is a then a path connecting y to z. Thus, P(z) is path connected.

Now, suppose A is the union of all path connected sets of X containing z. Foranyy, z € A, we havey €
P and z € @) for some path connected sets x € P, ) C X. Then, we can get a path joining y to « and
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then from z to z, whichisin P U Q C A.Thus, A is path connected, which is clearly the largest such set
containing x. Hence, the second definition of P(z) is also true. a

Exercise 9.5: (Path component equivalence relation)

Define arelationx ~ yifandonlyif z, y are in the same path component. Check that ~ is an equivalence
relation, and the equivalence classes are precisely the path components of X.

9.2 Locally connected and locally path connected spaces

Definition 9.6: (Locally connected)

A space X is called locally connected at x € X if given any open neighborhood x € U, there exists a
(possibly smaller) open neighborhood z € V' C U, such that V' is connected. The space is called /ocally
connected if it is locally connected at every point z € X.

Assignment 9.7: (Locally connected and connected) 2% x 4=10

Give examples of the following cases, with justification.

a) X is both connected and locally connected.
b) X is not connected, but locally connected.
¢) X is connected, but not locally connected. (Hint: Think of the broom space or the comb space)

d) X is neither connected nor locally connected.

Theorem 9.8:

A space X is locally connected if and only if for all open set U C X, all the components of U are open.

Proof : Suppose X is locally connected. Pick some U C X open, and a component C' C U. Now, for any
x € C C U, by local connectedness, there is a connected opensetx € V C U.Sincez € VN C, we
see that V U C'is connected. But C'is the largest connected set containing z. Thus, x € V' C C, proving
thatz € C. Thus, C'is open.

Conversely, suppose for any open U C X, each component of U is open. Fix some x and some open
neighborhood z € U. Consider the component of z in U to be C. Then, C'is open. Hence, X is locally
connected. O

Definition 9.9: (Locally path connected)

A space X is called locally path connected at x € X if given any open neighborhood x € U, there exists
a (possibly smaller) open neighborhood z € V' C U, such that V is path connected. The space is called
locally path connected if it is locally path connected at every point z € X.
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Quiz 9.10: (Locally path connected and connected) 2% x 4=10

Give examples of the following cases, with justification.

a) X is both path connected and locally path connected.
b) X is not path connected, but locally path connected.

c) X is path connected, but not locally path connected. (Hint: Think of the broom space or the comb
space)

d) X is neither path connected nor locally path connected.

Theorem 9.11:

A space X is locally path connected if and only if for all open set U C X, all the path components of U
are open.

P

Theorem 9.12:

The path components of X lies in a single component. If X is locally path connected, then the path
components and the components coincide.

Proof : Suppose P is a path component, which is path connected, and hence, connected. But then P
can only lie in a single component.

Suppose X is locally path connected. Then, every path components of X is open. Let C be a component.
For some z € C, consider P to be the path component of z. Then,x € P C C.If P & C, then consider
@ to be the union of every other path components of points of C' \ P. Again, we have () C C. Now, we
have a separation C' = P LI ) by nontrivial open sets, which contradicts the fact that C' is connected.
Hence, P = C. Thus, path components of X coincide with the components. O

Assignment 9.13: (Disjoint interval) 24+8=10

Consider the set X = (—2,—1) U {0} U (1,2) C R. Show that with the subspace topology, X is not
path connected. Now, equip X with the topology 7 generated by the base

B:={(a,b) | -2<a<b< -1} J{(a,b) | 1<a<b<2}
U{(a,—1)u{oru(1,b) [—2<a<-1, 1<b<2}.

Show that (X, 7") is homeomorphic to (—2, 2) (and hence path connected).

9.3 Compactness

Definition 9.14: (Covering)

Given a set X, a collection A C P(X) of subsets of X is called a covering of X if we have X = UAGA A.

Given a topological space (X, T), we say A is an open cover (of X) Ais a covering of X and if each A €

Ais an open set. A sub-cover of Ais a sub-collection B C A, which is again a covering, i.e, X = UBGB B.
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Definition 9.15: (Compact space)

A space X is called compact if every open cover of X has a finite sub-cover. A subset C' C X is called
compact if C'is compact as a subspace.

Assignment 9.16: (Compactness via closed sets) 5+5=10

A collection ¥ C P(X) of subsets of X is said to have the finite intersection property (FIP) if any finite
sub-collection of Y has nonempty intersection.
Show that a space X is compact if and only if given any collection X of closed sets of X with FIP, has

nonempty intersection (i.e, ﬂFeE F + ).

Example 9.17: (Finite space is compact)

Any finite topological space is compact, since there can be at most finitely many open sets in X. An
infinite discrete space is not compact.

Proposition 9.18: (Compact subspace)

A subset C' C X is compact if and only if given any collection A = {A_} of open sets of X, with C C
J A, we have a finite sub-collection {Aal, cey Aak} such that C' C Ule A,

Proof : Suppose C is compact (as a subspace). Consider a cover A = {A_ } of C by opens of X. Then,
A" ={A_, N C} is an open cover of C' in the subspace topology. Since C' is compact, we have a finite
sub-cover, say, {Aal NnC,..,A, N C’}. But then C' C Ule A

Conversely, suppose given any cover of C by open sets of X, we have a finite sub-cover. Choose any open
cover of C (in the subspace topology), say, Y = {U, C C'}. Now, eacr;c U,=CnYV, for somke open
V, C X.kThen, C c JV, is a cover, which has finite sub-cover, C' C Ui:l V;%. Clearly, C' = Ui:l cn
Vo, =U,_, U, Thus, C'is compact. O

Exercise 9.19: (Compactness is independent of subspace)

Let Y C X be a subspace. A subset C' C Y is compact if and only if C' is compact as a subspace of X.

Proposition 9.20: (Closed in compact is compact)

Suppose X is a compact space, and C' C X is closed. Then, C'is compact.
Proof : Fix some cover {U,} of C by open sets U, C X. Now, C being closed, we have V := X \ C'is

open. We have, X = V U U,,. Since X is compact, there is a finite subcover. Without loss of generality,
X=VuU Ule U,,-Then, C C Ule U,, Hence, C'is compact. O
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Example 9.21: (Compact need not be closed)

Let X be an indiscrete space. Then, any subset is compact, but there are non-closed subsets.

Proposition 9.22: (Compact in T, is closed)

Let X be a T, space. Then, any compact C' C X is closed.

Proof : If C' = X, then there is nothing to show. Otherwise, we show that any y € X \ C'is an interior
point. For each ¢ € C, by T,, there is some open neighborhoodsy € U,,c € V_, suchthat U, NV, = &.
Now, C' C UCEC V.. Since C'is compact, there are finitely many points, ¢y, ..., ¢, such that

k
cclJv.
=1

Let us consider U := ﬂle Uci, which is an open neighborhood of y. Also, U N (Ule V. ) =g=UnN

7

C=g=UCcCX\C.Thus,y € int(X \ C). Since y was arbitrary, C is closed. O

Example 9.23: (Compact is not closed in T7)

Let X be an infinite set, equipped with the cofinite topology. Then, X is 7T}, but not T,,.
Let C = X \ {z,} for some z, € X, which is clearly not closed.

Suppose C' C UaEI U, is some open covering. Choose some U, . Now, U, = X\ {z1, ...,z } (if
U,, = X, then there is nothing to show). For each 1 < i < k with z; € C, choose some U,, such that

(o]

z; €U, .Ifz; ¢ C, choose U, arbitrary. Then, C C Uf:o U,,- Thus, C'is compact, but not closed.
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Day 10 : 11" September, 2025

compactness — finite product of compact

10.1 Compactness (cont.)

Theorem 10.1: (/mage of compact space)

f: X — Y be a continuous map. If X is compact, then f(X) is compact.

Proof : Consider an open cover V = {V, } of f(X) by opens of Y. Then, U = {U, := f~ ( 7)} is an
open cover of X. Since X is compact, there is a finite subcover, say X = U U U -1 (Va )
But that, f(X) C U V.- Thus, f(X) is compact, O

Theorem 10.2: (Maps from compact space to T5,)

Let f : X — Y be a surjective continuous map. Suppose X is compact, and Y is T;,. Then, f is an open
map.

Proof : Let U C X be an open set. Then, C' = X \ U is closed, and hence, compact. Since f is contin-
uous, f(C) C Y is compact. As Y is T, we have f(C) is closed in Y. Finally, as f is surjective, we have
fU)=Y\ f(X\U) =Y\ f(C), which is then open. Thus, f is an open map. O

Remark 10.3: (Non-surjective map from compact to T5)

Consider the inclusion map of the point {0} in R. Clearly, {0} is compact, but the inclusion map is not
open!

Exercise 10.4: (Compact to T, is closed)

Suppose X is compact, Y is T, and f : X — Y is a continuous map (not necessarily surjective). Then,
show that f is a closed map.

Assignment 10.5: (Quotient is circle) 3+7=10

Prove the following.
a) Let X =[0,1],any Y = X/{o,1} which is the quotient space. Then, Y is homeomorphic to the
circle ST

b) Let X = R,andY = R/Z be the quotient space obtained by the equivalence relation z ~ yifand
onlyif x —y € Z. Then, Y is homeomorphic to S*.

Hint : Look at this diagram
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[0,1] © > R > R/Z
A

1 ------" f

1] _
{0,1}
where f(t) = t + Z. The induced map £ is continuous and bijective. Argue that R/Z is T,.
Conclude that f is a homeomorphism.

-

Theorem 10.6: (Compactness of closed interval)

The closed interval [a, b] C R is compact (in the usual topology).

Proof : Suppose A = {U,} is a collection open sets of R covering [a, b]. Consider the set

C ={c € [a,b] | [a,c] is covered by a finite number of opens from .A4}.

Note that C' # @&, since [a,a] = {a} is clearly contained in some U, . Let L = > C' be the least upper
bound. Observe that a € U, = [a,a + ¢) C U, for some e > 0. Thus, a < L < b. Now, there is some
Ug such that L € Ug. Then, there is some ¢ > 0 such that a < L —e < L and (L — ¢, L] C U,. Also,
L being the least upper bound, there is some ¢ € C such that L — e < ¢ < L. Thus, [a, ] is covered
by finitely many opens, say, {Ua17 ey Uak}. But then [a, L] = [a,c] U [L — €, L] is covered by a finite
collection {Ual, o Ul Uﬁ}. Thus, L € C.

Now, if L < b, then, there is some e > O suchthat L < L+ < b, and [L,L +¢| C UB' By a similar
argument, it follows that [a, L + €] is covered by finitely many opens of A. This contradicts L be the
least upper bound. Hence, L = b.

Thus, [a, b] is covered by a finitely many sub-collection of .A. Since A is arbitrary, it follows that [a, ] is
compact. O

Assignment 10.7: (Compacts in R;) 2424244+ (3+3+4)+5=25

Let X be the real line equipped with the lower limit topology.

a) Show that [0, 1] is not compact in X.

b) Let C be compact set in X. Show that C' is compact in the usual topology, and hence closed and
bounded in X as well. (Recall : lower limit topology is (strictly) finer than the usual topology.)

c) Let C be a subset in X. Suppose {z,,} is a strictly increasing sequence in C, i.e, z; € C and
x, < Ty < .... Show that C'is not compact. (If C is compact, we have a minimum @ = min C' =
inf C' and a maximum b = max C' = sup C'. Consider U, = [a,z,),U; = [z;,2,,1),V = [x(, 00),
where z, = sup z;,.)

d) Let C C X be a closed set, such that C' contains no strictly increasing sequence. Then, show that
C'is closed in the usual topology as well.
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e) Let C C R be a set such that there is no strictly increasing sequence in C. Forany x € C, consider
thesetS, :={y € C | y < z}.If S, # & (i.e, if z is not the minimum element of C), denote s, :=
sup S,. If C' has a minimum element z, then set s, :=  — 1 for convenience.

i) Show that s, # z, and C N (s,,x) = &. In other words, s, is the previous element of z in
C (called predecessor).

ii) Show that {I, := (s,,x) | z € C} is a collection of disjoint open sets of X.

iii) Conclude that C'is countable.

In particular, observe that any compact subset of X must be countable.

f) Suppose C' C X is a closed, bounded subset, without any strictly increasing sequence. Show that
C'is compact. (Hint: For any cover U = {U,}, start with z, = infC € C, and some z, € U, .
Next, get x; = inf(C \ U%). Argue that z; < x; € C. If this process does not terminate after
finitely many steps, arrive at a contradiction.)

Observe that C' C X is compactif and only if C'is compact in the usual topology, and contains no strictly
increasing sequence.

Assignment 10.8: (Cone of a space) 3+3)+4+5=15

Given a space X, the cone of X is defined as the quotient space

X x [0,1]

CX := Xx—m

a) Show that C X is homeomorphic to %ﬁa? and to

X x|a,b]
Xx{b}

for any interval [a, b].

b) Show that C'X is always path connected, but not necessarily locally path connected. (Recall the
broom space.)

c) Show that CS™ =~ D"*!, where S™ = { (1, ..., 1) € R""! | Z?:ll g = 1} is the n'® sphere,
and D"! = {(xl, ey Tpyp) € RV Z?:ll r? < 1} is the (n + 1) disc.

Hint : Consider the map
f:S"x][0,1] — D"

(1, ooy Tppy1, t) = (E2q, ooy tTpyyq).-

Exercise 10.9: (Real line is noncompact)

Show that R is not compact.

Assignment 10.10: (/dentifying boundary of disc) 10

Prove that D" /S™ =~ S™*! where S™ C D" *! is included as the boundary.
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Hint : Consider the map
f:Dntl 5 SnHl

x — (2v/T— [xPx, 2| - 1),

where |x| = y/22 + ... + 221, forx = (21, ..., 2,,,;) € R

Assignment 10.11: (Suspension of a space) 3+3+4=10

On the space X x [0, 1], consider the following equivalence relation : for any (z, s), (y,t) € X x [0, 1],
define (z, s) ~ (y, t) if and only if one of the following holds

s=te(0,1),and z =y, or s=t=0, or s=t=1.
The suspension of X is defined as the quotient space of XX := (X x [0,1])/..

a) Show that XX is independent of the choice of the interval. That is, for some a < b, if we consider
Y X = X x [a,b]/,, where (z,5) ~ (y,t) if and only if
s=t¢€ (a,b),and x =y, or s=t=a, or s=t=2",
then XX is homeomorphic to ¥’ X.
b) Show that XX is homeomorphic to %, where X x {1} isincluded in CX = ))((XX[?’?.

c) Show that ¥S™ = Sn+1,

10.2 Product of compacts

Lemma 10.12: (Tube lemma)

Suppose Y is a compact space. Fix a point z, € X, and suppose W C X x Y is an open set such that
{zy} X Y C.Then, there exists an open set z, € U C X suchthat {z,} xY CU xY C W.

Proof : For each y €Y, consider a basic open set (zy,y) € U, x V, CW. Now, {7y} xY C
U%GY U, x V,. Since Y, and helr:ce {zy} x Y, is compact, we have a finite cover, say, {z,} x Y C
U;._, U, xV,,.Now,setU =" U, , whichisanopensetwithz, € U.Clearly {z(} xY CU x Y.
) €U x Y, we have (zy,y) € ino X ‘/;/io for some ;. Then, y € Vyio' Also,z € U C

Yi

Now, for any (z,y

U, .Thus, (z,y) € Uy‘ x V. In other words, we have
0 0 0

Y Yy

k
{zo} xY CUxY C | JU, xV,cW.

=1
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Theorem 10.13: (Finite product of compacts are compact)

If X,Y are compact, thensois X x Y.

Proof : Suppose W is an open cover of X X Y. For each = € X, the space {z} x Y is compact, and
hence, can be covered by a finite collection, say

kﬂ)
{z} xY C | JW,,,
g=il

for W, ; € W. Then, by the tube lemma, there exists some = € U, C X such that

k}.’E
{z} xY CU, xY C | JW,,.
=1

7

Now, {U,} is an open cover of X, which is also compact. Hence, we have a finite cover, say, X =
U;_, Uy, Then, clearly,

kli
Xxy=JUu, xycl|JJW, ;
=1

i=14=1

Thus, X X Y can be covered by finitely many elements of WW. Hence, X X Y is compact. O

59




Day 11 : 16" September, 2025

[sequential compactness — limit point compactness — first countability] 11.1 Sequential and limit point
compactness

Definition 11.1: (Sequentially compact)

Aspace X is called sequentially compact if every sequence {z,, } has a convergent subsequence. A subset
Y C X is sequentially compact if every sequence {y,, } in Y has a subsequence, that converges to some

yey.

Theorem 11.2: (Sequentially compact is equivalent to compact in metric space)

Suppose (X, d) is a metric space. Then, Y C X is sequentially compact if and only if Y is compact.

Proof : Suppose Y is compact. Then, Y is closed and bounded. Consider a sequence {z,, } in Y. If pos-
sible, suppose {z,, } has no convergent subsequence in Y. Then, {z,, } is an infinite sequence (i.e., there
are infinitely many distinct elements). Now, for eachy € Y/, there existsabally € B, = B, (y, 5y) cX
such that B, contains at most finitely many {z,, } (as no subsequence of {x,, } converge to y). We have
Y C Uer B, which admits a finite subcover, say, Y C U?zl B, . But this implies Y contains at most

finitely many {z,, }, which is a contradiction.

Conversely, suppose every sequence in Y has a subsequence converging in Y. Consider an open cover
U ={U,} of Y by opens of X.

e Let us first show that for any § > 0, the collection {B,(a,d) | a € A} has a finite sub-cover.
Suppose not. Then, there is z; € A such that A ¢ B;(x,0). Pick z, € A\ By(z4,9). Then,
A ¢ By(z,,0) U By(zs,0). Inductively, we have a sequence {z,} in A. Now, by construction,
d(xi,xj) > ¢ for all ¢ # j. Consequently, {z,,} has no convergent subsequence, a contradiction.
Indeed, if z,, — x € A, then d(xnk,x> < g for all kK > N. But then, d<wnk1’xnk2) < ¢ for any
ky # ky > N.

* Next we claim that there exists a § > 0 such that for any y € Y, we have B,(y,d) C U, for some
o Suppose not. Then, for each n > 1, there exists some y,, € Y such that B,(y,,, 1) ¢ U, for
each a. Passing to a subsequence, we have y,, — y, € A. Now, y, € V,, for some «, and so, y, €
B,(yy,€) C V. There exists some N; > 1 such that y,, € B,(y,, 5) for all n > N,. Also, there is

N, > 1 such that NLQ < £.Then, for any n > max{N;, N, }, and for any d(y,,,y) < 1 we have,

d(yO’y) < d(yO’yn) + d(ynay) <Ee.

Thus, By(Y,,, =) C By(yo,€) C V, for alln > max{N;, N, }, a contradiction.

e Finally, pick the J from the last step. Then, we have a cover A C U:L:l B,(z;,6) with z; € A. But
each of these balls are contained in some V, . So, we have A C Uyzl Vo,

(]
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Definition 11.3: (Limit point compactness)

A space X is called limit point compact (or weakly countably compact) if every infinite set A C X hasa
limit point in X

Exercise 11.4: (Sequential compact implies limit point compact)

Show that a sequentially compact space is limit point compact.

Proposition 11.5: (Compact implies limit point compact)

A compact space is limit point compact.

Proof : Suppose X is a compact space which is not limit point compact. Then, there exists an infinite
set A which has no limit point. In particular, A is closed, as it contains all of its limit points (which are
none). Also, for every z € X, thereisanopensetx € U, C X suchthat AN (U, \ {z}) = &. Observe
that we have a covering X = (X \ A) U UxeA U,, which admits a finite subcover, say, X = (X \ A) U
U?:l U,,-Now, A C U?:l U,,. Butthisimplies Aisfinite,as AN U, \ {z;} = @. Thisisa contradiction.
0

Example 11.6: (Limit point comact but neither compact nor sequentially compact)

Consider the space X = N x {0,1}, where give N the discrete topology, and {0,1} the indiscrete
topology. Consider the sequence z,, = (n,0). Then, it does not have a convergent subsequence (other-
wise, the first component projection will give convergent subsequence, as continuity implies sequential
continuity). Also, X is not compact either, as the open cover U,, = {(n,0), (n, 1)} has no finite subcover.
On the other hand, X is limit point compact. Indeed, say A C X is infinite, and, without loss of gener-
ality, pick some (a,0) € A. Then, check that (a, 1) is a limit point of A. Indeed, any open set containing
(a, 1) contains the open set {(a,0), (a, 1)}, which obviously intersects A in a different point (a, 0).

Definition 11.7: (First countable)

Given x € X, a neighborhood basis is a collection {U,} of open neighborhoods of x such that given
any open neighborhood z € U C X, there exists some U, such that x € U, C U. We say X is first
countable at x if there exists a countable neighborhood basis {U,} of x. The space X is called first
countable if it is first countable at every point.
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Remark 11.8: (Decreasing neighborhood basis)

Suppose {U,} is a countable neighborhood basis of z € X.SetV; = U}, Vo =U; N Uy, ..., V; =V, 1 N
U, = ﬂle U;. Clearly, we have

ViodWwDo..2z.

We claim that {V;} is a neighborhood basis of z as well. Let x € U C X be an open neighborhood.
Then, there is some = € Uj C U.Butthenz € Vj C UJ C U as well. Thus, we can always assume that
a countable neighborhood basis is decreasing. Note : in a discrete space {U,, = {x}} is a non-strictly
decreasing countable neighborhood basis of .

Example 11.9: (Metric space is first countable)

Any metric space (X, d) is first countable. The converse is evidently not true, as any indiscrete space is
also first countable.

Proposition 11.10: (Compact first countable is sequentially compact)

Suppose X is a first countable compact space. Then X is sequentially compact.

Proof: Let {z,, } be a sequence in X with no convergent subsequence. Then {x,, } must be an infinite set.
Without loss of generality, assume each x,, are distinct (just extract such a subsequence). For each z €
X, fix some neighborhood basis I/,.. Now, since no subsequence of {z,, } converges to z, there must be
some U, € U such that only finitely many {z,, } is contained in U,. Otherwise, using the countability of
U,, we can extract a subsequence converging to x. Now, we have a cover X = U,y U, which admits
a finite subcover, say, X = Ui, U, . But this implies the sequence {z,,} is finite, a contradiction. [
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Day 12 : 17" September, 2025

sequential compactness — limit point compactness — second countable — Lindel“of

12.1 Sequential Compactness (Cont.)

Definition 12.1: (Countably compact)

A space X is called countably compact if every countable open cover admits a finite sub-cover.

Assignment 12.2: 6+4=10

Show the following implications.

a) Sequentially compact = countably compact.

b) Countably compact = limit point compact.

Proposition 12.3: (Limit point compact T} is countably compact)

A limit point compact 7} -space is countably compact.

Proof : Let X = | J Uj be a countable cover. If possibly, suppose there is no finite subcover. In particular,
X\ U:zl U, + & for each n > 1. Moreover, X \ U:LZ U; #+ & must be infinite, otherwise we can
readily get a finite sub-cover. Inductively choose z,, ¢ U:’:l U, U{xy,....,z,_1}. Thus, we have an
infinite set A = {x,}, which admits a limit point, say, z. Since X is T3, it follows that for any open nbd
z € U C X, we must have AN (U \ {z}) is infinite (Check!). Now, we have z € U;_ for some i,. But
by construction, Ui0 contains at most finitely many z,, a contradiction. Hence, we must have a finite
subcover. Thus, X is countably compact. O

Proposition 12.4: (Countably compact first countable is sequentially compact)

A first countable, countably compact space is sequentially compact.

Proof : Suppose, {z,, } is a sequence. Without loss of generality, assume element is distinct. If possible,
suppose A = {z,, } has no convergent subsequence.

If possible, A = {x,,} has no convergent subsequence. Since X is first countable, for any xz € X, we
must have some open set z € U, C X such that U, N A is finite (Check!). Now, for any finite subset,
F C A, consider the open set

Op=| U, | U,nA=F}.

Since A is countable, there are countable finite subsets of F. Thus, O := {O | F C A is finite} is a
countable collection, which is clearly an open cover. By countable compactness, we have a finite subcover
X = Ule Op, . Consider F' = U¥_, F}, which is again finite. Pick some z; € ANF.Now, Op N A =
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=z ¢ Ur  F = Ule O N A= XN A=A, acontradiction. Hence, {z,, } must have a conver-
gent subsequence. Thus, X is sequentially compact. O

Proposition 12.5: (Limit point compact, T3, first countable is sequentially compact)

Suppose X is a first countable, 77, limit point compact space. Then X is sequentially compact.

Proof : Since X is limit point compact and 7}, we have X is countably compact. Since X is countably
compact and first countable, we have X is sequentially compact. O

Example 12.6: (Necessity of T})

Recall the topology 7, = {&,R} U {(a,o0) | a € R} on R. For any infinite subset A C R, choose any
x such that x < a forsomea € A.Then, x is a limit point of A. Also, for any z € R, we have a countable
neighborhood basis {U; = (z — 2,00) | n > 1}. We have seen that (R, 7_,) is not T;. Finally, observe
that the sequence {z,, = —n} has no convergent subsequence.

Definition 12.7: (Second countable)

A space X is called second countable if it admits a countable basis.

Assignment 12.8: (Lower limit topology is not second countable) 4+6=10

Show that the lower limit topology is first countable, but not second countable.

Hint : For each z € R, consider = € [z, c0), and get basic open sets to derive contradiction.

Definition 12.9: (Lindel“of)

A space X is called Lindel"of if every open cover admits a countable sub-cover.

Proposition 12.10: (Second countable is Lindel“of)

A second countable space is Lindel"of.

Proof : Suppose U = {U, } __, is an open cover. Fix a countable base B = {B;} _.. Suppose J C Nis
the subset of indices for which B; is contained in some U,, € U. For each B; with j € J, fix some Uaj €

U with B; C Uaj. Clearly {Uaj} is a countable collection. For any z € X, we have z € U, for some
jet

U, € U. Now, there is some basicopensetx € B, C U,.Butthenxz € B, C U, .Thus, {Ua} is
0 0 iQ J jEJ

a countable open cover, showing that X is Lindel"of. O
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Proposition 12.11: (Limit point compact, Lindel“of, T} is compact)

A limit point compact, 77, Lindel"of space is compact.

Proof : A limit point compact T} space is countably compact. A countably compact Lindel"of space is
compact. O

Remark 12.12:

We have observed the implications

+ First countable

Compact --_E_;‘:;;\E\\:\‘:\:E = :i;:(i:e:]-'lzozf: B :fz = :_L_.—.:.—_:_'__.-:—':—:-:? Sequen‘tially Compac‘t

!

S§

+T;

Limit point compact
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Day 13 : 18" September, 2025

order topology — compact interval — well-ordereing — uncountable ordinal

13.1 Order topology and compactness

Definition 13.1: (Order topology)

Given any totally ordered set (X, <), the order topology on X is defined as the topology generated by
the subbasis consisting of rays {z € X | x < a}and{z € X | a < z} foralla € X.

Exercise 13.2: (Order topology basis)

Given a total order (X, <) (with at least two points), check that the following collection
B:={(a,b) | a,b € X, a < b},

is a basis for the order topology. Here, the intervals are defined as (a,b) :={z € X | a < x < b}.

Proposition 13.3: (Order topology is T5,)

Let (X, <) be a totally ordered set equipped with the order topology. Then, X is T,.

Proof : Let a # b € X. Without loss of generality, a < b. There are two possibilities. Suppose there is
some c such that a < ¢ < b. Then, considerU ={z € X |z <c}and V = {z € X | ¢ < z}. Clearly,
ac€U,beVandUNV =g.Ifnosuch cexists,take U = {z | z <b}and V = {z | a < z}. O

Theorem 13.4: (Compact sets in ordered topology)

Suppose X is a totally ordered space, with the least upper bound property : any upper bounded set A C
X has a least upper bound. Then, for any , b € X with a < b, the interval [a,b] = {c € X | a < ¢ < b}
is compact.

Proof : Suppose U = {U,, } be an open cover of [a, b].

Forany z € [a, b), we first observe that there is some y € (z, b] such that [z, y] is covered by at most two
elements of . If z has an immediate successor in X, lety = x 4+ 1. Then, y € (z, b], and [z, y] contains
exactly two points. Clearly, [z, y] can be covered by at most two open sets of . If there is no immediate
successor, get x € U, and some z < ¢ < b such that [z, ¢) C U, Since x has no immediate successor,
we have some z < y < csothat [z,y] C [z,c) C U,.

Now, consider the collection

A :={c € [a,b] | [a,c] is covered by finitely many U,,.}
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Observe that for a, we have some a < y < b such that [a, y| is covered by at most two open sets of U{.
Thus, y € A. Clearly A is upper bounded by b. Let ¢ be the least upper bound of A. We then have, a <
c<b.

We show that ¢ € A. We have ¢ € U, for some a. Then, there is some ¢’ such that (¢’, ¢] C U,,. Now,
being the least upper bound, we must have some z € A such thatc¢’ < z < ¢. Then, [a, 2] lies in finitely
many opens of U. Adding U,, to that finite collection, we get a finite cover of [a, ¢] = [a, 2] U [z, c]. Thus,

ce A.

Finally, we claim that ¢ = b. If not, then there is some ¢ < y < b such that [c, y| is covered by at most
two opens from Y. This implies that [a, y] = [a, c] U [c, y] admits a finite sub-cover, and hence, y € A.
But this contradicts ¢ is an upper bound. Thus, ¢ = b.

In other words, [a, b] is covered by finitely many open sets of /. O

Corollary 13.5: (Intervals are compact)

For any real numbers a < b, the interval [a, b] is compact in the usual topology of real line.

Proof : It is clear that R is a totally ordered set, equipped with the order topology. Also, R has the least
upper bound property. Hence, [a, b] is compact. O

Assignment 13.6: (Cones and suspensions are compact) 4+4+2=10

Given any compact space X, show that the cone C'X, and the suspension ¥ X are compact. Justify that
the n-sphere S™ and the n-disc D™ are compact.

13.2 Well-ordering

Definition 13.7:

A well-ordering on a set X is a total order, such that every non-empty subset has a least element.
Explicitly, itisarelation R C X x X, denote, a < bifand onlyif (a,b) € R, such that the following hold.

a) (Reflexivity) x < z forall z € X.

b) (Transitivity) If xt < yandy < z,thenz < z.

c) (Totality) For z,y € X eitherx < yory < x.

d) (Antisymmetric) If z < yandy < x, thenx = y.

e) For any @ # A C X, there exists a; € A such that for all a € A we have a; < a. We call it the
least element of A (which is unique, by antisymmetry).

Given a well-ordered set (X, <), and a point € X, the section (or initial segment) is defined as S,, :=
{ye X |y <z}
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Proposition 13.8: (Successor in well-order)

Given a well-ordering (X, <), each z € X (except possibly the greatest element) has an immediate
successor, denoted, x + 1. Thatis,x < x + 1, and thereisnoy € X suchthatz <y < = + 1.

Proof : For any x € X, consider the set
U,={ye X |z <y}

If z is not the greatest element of X, then U, # &, and hence, has a least element. This least element
is the successor (Check!). O

Theorem 13.9: (Well-ordering principle)

Every set admits a well-ordering.

Remark 13.10: (Construction of uncountable well-order)

The well-ordering principle (also known as Zermelo’s theorem named after Ernst Zermelo) is equivalent
to the axiom of choice. On the other hand, explicitly constructing an uncountable well-order is possible
without using the (full strength of) axiom of choice!

~

Theorem 13.11: (Construction of an uncountable well-order)

There exists an uncountable well-ordered set.

Proof : Consider N with the usual order, and observe that any subset A C N is a well-ordering with this
ordering. Consider the set

A:={(A4,<) | A€ P(N),<is a strict well-order on A}.

Since P(N) is uncountable, and since every subset admits at least one well-order, clearly, A is uncount-
able. Let us define a relation

(A, <4) ~ (B,<pg) < ((A,<y)) is order-isomorphic to (B, <p).
Then, ~ is an equivalence relation on A (check!). On the equivalence classes, define a new relation
[A, < 4] < [B,<pg] < (A, <) is order-isomorphic to some section of (B, <p).

Then, < is a well-defined (strict) well-ordering on Q := A/ _ (Check! (It is tricky!)). O

68



Proposition 13.12: (Construction of Sg,)

There exists a well-ordering, denoted S, (or, w;, known as the first uncountable ordinal), such that

i) Sq is uncountable, and

ii) for each z € S, the section S, := {y € S | y < z} is countable.

Proof : Suppose (A, <) is an uncountable well-ordered set. Then, on B = A x {0, 1}, the dictionary
order is again a well-ordering (check!). Observe that for any z = (a, 1), the section S, = {y € B | y <
x} is uncountable. Consider the set

S :={x € B | S, is uncountable}.
This is non-empty, and hence, admits a least element 2 € S. Denote
Sq={xeB|z<Q}.

Clearly S, itself is uncountable, as 2 € S. But that for any x € S, we have the section S, is countable.
Since S, is a section of a well-ordering, it is itself well-ordered (check!). O

We shall denote

Sq = 8q U{Q},

and give it the obvious ordering : for any z € S, set 2 < (2. Note that S, is a section in S, so that the
notation is consistent.

Theorem 13.13: (S, is compact)

The space S = Sq, U {Q} is compact.

Proof : Let m,, be the least element of S,,. On S, = S, U {0}, extend the ordering by setting 2 <
for all z € Sg,. Observe that this is a total order. And moreover, S, = [m,, Q] is a closed interval.

Let us check the least upper bound property. Say A C §Q. If Q € A, then clearly, 2 is the least upper
bound of A. Without loss of generality, assume Q ¢ A, thatis, A C S,. We have two possibilities. If A
is bounded in S, consider the set

X ={be S, | bisan upper bound of A}.

As X is nonempty, there exists a least element, say, b, € X. By definition, it is the least upper bound
of A. Suppose A is unbounded in S,. Clearly, € is an upper bound of A. We claim that €2 is the least
upper bound. If not, then there is some upper bound x < €2, which implies A is bounded by z € S, a
contradiction. Thus, §Q has the least upper bound property. So, §Q is compact. O
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Day 14 : 19" September, 2025

uncountable ordinal — filter — ultrafilter lemma — Tychonoff’s theorem

14.1 Properties of S,

Proposition 14.1: (Properties of Sg,)

Suppose S, is given the order topology.

a)
b)
c)
d)
e)
f)

For any set A C S, the union UaeA S, is either a section (and hence countable), or all of Sg,.
Any countable set of S, is bounded

Sq is sequentially compact.

Sq is limit point compact.

Sq is not compact.

Sgq is first countable.

Proof :

a)

b)

d)

e)

f)

If A admits an upper bound, then it admits a least upper bound, say, b. We claim that UaeA S, =
Sp- Indeed, foranyx < a € A,wehavex < a < bandsox € S;. On the other hand, for any x <
b, we have z is not an upper bound of 4, and so, z < a < bforsomea € A. Then,z € S,,.

Otherwise, assume A is not bounded. Suppose UaeA S, is not all of S. Pick some b € S \
UGGA S,. Now, bis not an upper bound of A (as A is not upper bounded). So, b < a € A.But then
b € S,, a contradiction.

For a countable set A C S, the subset |J__, S,.1 is countable, and hence, not all of Sq,. Then,
AcC UaeA Sor1 = 5, for some b. Clearly, b is an upper bound of A.

Without loss of generality, suppose {x,, } be a sequence of distinct elements in S,. Consider

z,, =min{z, [ n>k}.
Ty,

Then, clearly z,, <z, <...Now,
xn

least upper bound, say b. Clearly b ¢ . J»as the subsequence is strictly increasing. For any open

setb € U C Sq, we haveb € (z,b] C U. Now, z is not an upper bound of {:cnk } and hence, a <

z, < bforsomek,.Butthena <z, <bforanyl > k.Inotherwords,z, € U foralll=> k.
0

ng

; being countable set, is bounded, and hence admits a

Thus, z,, —b.
Since S, is sequentially compact, it is limit point compact.

For each z € S, consider the open sections S, ; := {y € X | y < = + 1}, which are open. Here

x + 1 is the successor of z. Clearly, Sg = UwES S,41- If possible, suppose, there is a finite
Q

subcover, S, = U?zl Sy, +1- But the right-hand side is a finite union of countable sets, and hence

countable, whereas S, is uncountable. This is a contradiction.

Foranyz € Sq, we have the section S, = {a | a < z} is countable. Consider the opensets {U, =
(a,x 4+ 1) | a < x}, which are all open neighborhoods of z. It is clear that this is a countable basis
at x (Check!).
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Proposition 14.2: (S, is not first countable)

The space S, = Sq, U {Q} is not first countable at Q.

Proof : Observe that the basic open sets containing 2 are of the form (z, Q] for z € S,. If possible,
suppose, there is countable neighborhood basis at (2, say, {U,}. We then have Q C (z,, Q] C U, for
somez; € Sg.Now, [ JS, = S, forsomeb € Sg,. Consider the basic open set (b + 1, §]. There is some
Qe (2,9 CU C(b+1,Q].Butthenb + 1 < x;, a contradiction. Hence, S, is not first countable at

Q. O

14.2 (Ultra)Filters

Definition 14.3: (Filter and ultrafilter)

Given a set X, a filter on it is a collection F C P(X) of subsets such that the following holds.
a) @ ¢ F.
b) Forany A, B C X,wehave AN B € Fifandonlyif A,B € F.

A filter F on a set X, is called an ultrafilter if forany A C X either A€ For X\ A € F.

Exercise 14.4: (Filter equivalent definition) 5+5=10

Given any collection F C P(X) of subsets, the following are equivalent.

a) Forany A, B C X,wehave AN B € Fifandonlyif A,B € F
b) JF satisfies the following.

i) Fis closed under finite intersection, i.e, F}, ..., F;, € FimpliesN? ; F, € F.
ii) F is closed under supersets, i.e, if A € F, then B € F whenever B D A.

Example 14.5: (Principal ultrafilter)

For any x € X fixed, consider the collection
F={ACX |ze A}

It is easy to see that F is an ultrafilter on X, Such ultrafilters are called the principal ultrafilter. Any
ultrafilter which is not principal, is called a free ultrafilter.
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Theorem 14.6: (Ultrafilter lemma)

Every filter on a set X is contained in an ultrafilter.

Proof : Let F be afilter on X. Consider the collection

§:={G | G is a filter on X , and F C G}.

It follows that every chain (ordered by inclusion) in § admits a maximal element, given by the union.
Then, by Zorn’s lemma, § admits a maximal element, say, F. Since F is a maximal filter, it is an ultrafilter,
which contains F by construction. O

Assignment 14.7: (Ultrdfilter closure) 3+2=5

Suppose F C P(X) is a family of subsets, such that & ¢ F. Suppose F has the finite intersection
property (FIP) : forany A4, ..., A,, € F, we have ﬂ?zl A, # @. Construct a filter § containing F. Show
that F is contained in an ultrafilter 4.

Assignment 14.8: (Ultrafilter is maximal filter) 5+5=10

A filter F is called maximal if F C G for any filter G implies F = G. Show that a filter is an ultrafilter if
and only if it is a maximal filter.

Hint:If S ¢ F, X \ S ¢ F, then check that 7 U {S} has FIP.

Definition 14.9: (Convergence of filter)

Given a filter i/ on a space X, we say U converges to a point x € X, if for any open neighborhood x €
U,wehave U € U.

Assignment 14.10: (Ultrafilter and T5) 5+5=10
Show that a space X is Hausdorff if and only if every ultrafilter on X converges to at most one point.

Hint : If X is not Hausdorff, there are points x # y such that every open nbd of z intersects every
open nbd of y. Consider the collection

A:={U|ze€U,Uisopen}U{V |yeV 6 V isopen}.

Close it under supersets to get a filter, and then get an ultrafilter containing it.
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Theorem 14.11: (Ultrafilter and compactness)

A space X is compact if and only if every ultrafilter on X converges to at least one point.

Proof : Suppose X is a compact space. Let U be an ultrafilter on X. If possible, suppose U does not
converge to any point in X. Then, for each x € X, there exists an open nbd z € U, such that U, ¢ U.
Since U is ultrafilter, this means X \ U, € . Now, X = UweX U, admits a finite sub-cover, say, X =
Ule U,,- This, means

k
F=X\X= ﬂ(X\U:ci) eu,
i=1
as U is closed under finite intersection. This is a contradiction as & ¢ U.

Conversely, suppose X is not compact. Then, there exists an open cover, U = {U_, } such that there is
no finite sub-cover. Consider the collection

Fi={F,=X\U,}

Note that for any finite collection, we have N%_, F, =X\ Ule U,, # 2. In other words, F has finite

(%
intersection property. Then, we can close F under finite intersections, and then under supersets, to

get a filter, say, § D F. But § is contained in some ultrafilter, say 3{ O §. Now, for any x € X, we have
X € U, for some a. Then, F, = X\ U, € 4 = U, ¢ 4. Thus, i does not converge to any z € X, a
contradiction. O

14.3 Tychonoff’s Theorem

Assignment 14.12: (Pushforward of ultrdfilter) 3+2=5

Let f : X — Y be aset map, i be a filter on X. Define the pushforward as
fU={ACY | f1(4) e U}

Then, show that il is a filter on Y. If 4l is an ultrafilter, then show that f 4l is an ultrafilter.

Theorem 14.13: (Tychonoff’s Theorem)

Given a collection { X} of compact spaces, the product X =[] X, with the product topology, is a
compact space.

Proof : Suppose U/ is an ultrafilter on X. For the projection map 7, : X — X, we have the ultrafilter
Uy = (o) U= {AC X, | (mg) ' (A) €U}

on X, . Since X, is compact, U/, converges to some point in X, . By the axiom of choice, we have some
x = (z,) € X such that U, converges to z,, for each a. Let us show that U/ converges to x. Observe
that for any open neighborhood z € U C X, we have U is generated by the sub-basic open sets of
the form {7} (V) | V. C X }. Since a filter is closed under finite intersection and supersets, if we are
able to show that any sub-basic open neighborhood of x is an element of I/, we are done. But for any
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V C X, open,withz € 7' (V) precisely when z, € V.Sinceld,, convergestoz,,wehaveV € U, =

w;l(V) € U. Hence, U converges to x. Since U is an arbitrary ultrafilter, we have X is compact. O

Proposition 14.14: (Axiom of choice from Tychonoff)

Suppose Tychonoff’s theorem is true. Then, axiom of choice holds.

Proof : Let { X} be an arbitrary collection nonempty sets. Since a set cannot be an element of itself,
we have new sets Y, = X, U {X_}. For simplicity, denote p, = {X,} € Y. Now, give a topology on
Y, as

7:1 = {Q, {pa}ﬂXonY;x}

. Clearly (Y,,,7,) is a compact space, having only finitely many open sets. Consider the product Y =
Ha Y,,. Now, for each «, we have the sub-basic open set

Uy ={y €Y | my(y) =pa} = 75" (Pa);

since {p,} is open in Y. We claim that {U,} has not finite sub-cover. If possible, suppose, ¥ =
U?zl U, Then, make finitely many choices : z; € X, , and define z by setting 7, (z) = p,, for a ¢
{ay,...,a,} and 7, (z) = z; for 1 <i < n. Then, clearly z ¢ U?Zl U,,, a contradiction. Thus, the
collection {U,,} admits no finite sub-cover. By Tychonoff’s theorem, Y is compact. Hence, {U,, } is not a
covering of Y. So, there exists somey € Y \ Ua U,. Observe that 7, (y) € X, as y,, # p,- Thus, y €
[1 X, This is precisely the axiom of choice. O

Proposition 14.15: (Compact but not sequentlly compact)

The product space X = [0, 1][0,1} — H0<t<1[0, 1] is compact, but not sequentially compact.

Proof : It follows from Tychonoff’s theorem that the product space X = [0, 1][0’1] is compact, since each
[0, 1] is so. For each n > 1, consider the function «,, : [0,1] — {0, 1} defined by

a, (r) = the n'® digit in the binary expansion of z.

Clearly, {«,, } is a sequence in X. If possible, suppose, o, — o€ X.Then, foreachz € [0, 1], we must
have a,, (z) — a(z). Consider any point x such that ,, () is 0 or 1 according as k is even or odd.
Clearly the sequence o, (x) cannot converge, a contradiction. Thus, X is not sequentially compact. O

Assignment 14.16: (I is not first countable) 10

Show that the product space [0, 1]/ is not first countable.

Hint : If {U,,} is any countable collection of open sets, verify that there exists some « € [0, 1], for
which 7, (U,) = [0, 1] foralln > 1, where 7, : [0, 1]I%1] — [0, 1] is the a'"-component projection.
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Day 15 : 25t September, 2025

Zorn's lemma — well-ordering principle — ultrafilter lemma

15.1 A digression : Zorn’s Lemma and applications

Definition 15.1: (Partial ordering)

A relation < on aset X is called a partial order if it satisfies the following.

1. x <czforallz € X.
2.z <y y<z=c<z2
B.zlyy<r=>x=y

The tuple (X, <) is called a partially ordered set (or a poset). A point z € X is called a maximal element
if forany y € X withz < y, we have z = .

Definition 15.2: (Chain)

A subset C of a poset (X, <) is called a chain if C'is totally ordered with respect to <, i.e, forany ¢;, ¢, €
C, either ¢; < ¢, orcy < ¢; holds.

Lemma 15.3: (Zorn’s lemma)

Given a non-empty poset (X, <), suppose every chain has an upper bound in X. Then, X has a maximal
element.

Theorem 15.4: (Basis of a vector space)

Given a field K, any non-zero vector space V over K admits a basis.

Proof : Consider the collection

B:={B C V | B is linearly independent over K}.

Note that B # @&, since forany 0 # v € V, we have B = {v} € B. Define
B, < By, < B, C By, B,,B,eB

which is clearly a partial order. Let us consider a chain C = {B;},_, in (B, <). Consider the set B =
UieI B;. We check that B is linearly independent. Say, b,, ..., b, € B. Since C is a chain, without loss of
generality, we have b, ..., b, € BZ-0 for some i, € I.Butthenclearly {b,, ..., b, } is linearly independent.
Hence, B € B. By construction, we have B; < Bforall ¢ € I. Thus, B is an upper bound of C. Then, we
have a maximal element, say, B8 € B. We claim that B is a basis of V. If not, then B fails to span V.
Thus, we must have some

vy € V' \ Span (*B).
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Consider the set B, = B U {v,}. Clearly, 8, is linearly independent, and 8 C B,. Thus contradicts
the maximality of B. Hence, V' = Span (8). Thus, V admits a basis. O

Theorem 15.5: (Well-ordering principle)

Every nonempty set S admits a well-ordering.

Proof : Consider the collection
W={W,<w)| @#W CS,and <, is a well-ordering on W}.
Clearly W +#+ @&, since for any x € .S, we have the singleton set {z} is trivially well-ordered. Let us define
(A, <,) =X (B,<p)ifand only if
i) AC B,
ii) <4 is the restriction of < (i.e, a; <4 a, ifand onlyifa; <g a,), and
i) foranyb € B\ Awehaveb >z aforalla € A.

It is easy to see that < is a total order on W (Check!). Suppose C = {(W,, <)} 7 isachainin W, <).

) acl
Consider

w=|Jw,.

acl

Let us define <y;, as follows. For any wy, w, € W, using the chain condition, we have w;, w, € W, for
some o € I. Then, define

wy Sy Wy & Wy g% Way.

Again from the chain condition, it follows that <y;, is well-defined (Check!). Moreover, it is easy to see
that <y;, is a total order (Check!). Let us show that <y;, is actually a well-order. Say, & #+ A C W is given.
Then, AN W, # & for some o € I. Now, (W, <,) being a well-order, we have a least element m, =
min A N W,,. We claim that m,, is the least element of A in the order <. If not, then there is some
a € A, with a <y, my. Now, a € W for some 8 € I. From the chain condition, we have two cases.

1. If Wy <W,, then we have a € Wy C W,,. Butthena € W, NA = m; <, a=my <y a, a
contradiction.

2. Say, W, < WB' We again have two possibilities.

1. Say,a € WB \ W,,. Then, by the definition of <, we have a >3 T forallz € W,. In particular,
a =g mgy = a >y, my, a contradiction.

2. Say,a € W,. Butthen my, <, a = my <y a, again a contradiction.

Thus, it follows that my = min A in the order <y;,. Thus, (W, <y;;) € W. Clearly, it is an upper bound
of the chain C (Check!). Now, by Zorn’s lemma, there exists a maximal element, say, (20, <qy;) € W. We
claim that 20 = S. If not, then there exists x € S \ 2U. Consider

W, =W LU {z}.

Define an order <, on 20, by extending the order <y, and declaring w <, x for all w € 20. Then,
(20, <,) is a well-order, which moreover satisfies (20, <o) < (2, <,) (Check!). This violates the
maximality. Hence, 20 = S, and thus, S admits a well-ordering. O
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Theorem 15.6: (Ultrafilter lemma)

A filter F on a set X is contained in an ultrafilter on X.

Proof : Consider the collection

§:={F | Fisafilter on X , and F C F .}

Then, § # @ as F € §.0rder § by inclusion, i.e, F; < F, ifandonly if F; C F;. Clearly (§, <) is a poset.
Consider a chain C = {F;},_, in (§, <). Consider

F=|JE.

il
Clearly F C F. Let us check that F'is a filter on X.

i) Since g ¢ F, foralli € I, we have & ¢ F.

ii) Forany A, B € F, by the chain condition, we have A, B € E-O forsome iy, € I.Butthen AN B €
F, =ANBEF.

iii) Say A € F,and B D A.Now, A € F, forsomei € I,andthen, B€ F, = B € F.

Thus, F'is a filter on X, containing F, and clearly, it is an upper bound of C. Then, by Zorn’s lemma,
there exists some maximal element, say, Y € §. We claim that { is an ultrafilter on X, which evidently
contains F. If not, then there exists some set S C X such that

S¢u, and X\S¢U.

Then, the collection U, = U U {S} has finite intersection property (Check!). But then there is a filter,
say, /) D U, 2 U, a contradiction to maximality. Hence, U is an ultrafilter, containing F. O

Here are some more applications, that you can try to do if you want! Or have a look at href{https: slash slash
kconrad.math.uconn.edu slash blurbs slash zorn1.pdf}{this note by Keith Conrad}.

Exercise 15.7: (Existence of spanning tree)

Using Zorn’s lemma, show that every connected (undirected) graph has a spanning tree.

Exercise 15.8: (Existence of maximal ideal)

Let R be a commutative ring with 1. Using Zorn’s lemma, show that every ideal I C R is contained in a
maximal ideal.

Exercise 15.9: (Description of nilradical)

Let R be a commutative ring with 1. Using Zorn’s lemma, show that

={z € R | z2™ =0 for some n > 1},
PCR is a prime ideal

which is also known as the nilradical of R.
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Assignment 15.10: (Alexander’s subbase lemma and Tychonoff’s theorem) 5 + (4 + 6) + (2+8) + 10 =
35

A family of subsets A C P(X) of X is called inadequate if A does not cover X, and is called finitely
inadequate if any finite sub-collection of A is inadequate (i.e, does not cover X).

a) Given a space X, show that the following are equivalent.
i) X is compact.
ii) Every finitely inadequate family of open sets of X is inadequate.

b) Givenaspace (X, 7)), letS be afinitely inadequate collection of open sets. Consider the collection
B :={B C T | B is finitely inadequate, and S C B},

and equip it with the partial order B; < B, if and only if B; C B,.

i) Show that there exists a maximal element in the poset (8, <).

ii) Suppose B, is a maximal finitely inadequate collection of open sets. If for any collection
U, ...,U, C X of open sets we have ﬂ?zl U; C U € By, then show that U; € B, for some
1 <4 < n.

c) (Alexander’s sub-base lemma) Given a space X, show that the following are equivalent.

i) X is compact.

ii) There exists a sub-basis S of X, such that each cover of X by elements of S has a finite
sub-cover.

Hint : For i) = ii), just take S to be the whole topology. For ii) = i), if possible, let I/ be
an open cover of X, such that there is no finite sub-cover. Using part b), get a maximal
finitely inadequate collection B, D U. Consider the collection D := B, N S. Note that
Dis still finitely deficient, and hence, does not cover X. Letz; € X \ UUGD U.GetV €
By such that z; € V. As S is a sub-basis, get By, ..., B;, € S such that z; € ﬂle B, C
V € By. Using part b), we have B, € B, = B; € D.Thisis a contradiction.

d) (Tychonoff’s theorem) Suppose {X,} is a family of compact spaces, and X = Ha X, is the
product space. Using Alexander’s sub-base lemma, show that X is compact.

Hint : Consider the sub-basis
S =" (U) | U(C)openXa-}-
Say,d C S'is a cover of X. For each o, consider the collection
Uy = {U(C)openXa | 7o' (U) €U}

open

Show that/,, isa coverof X, forsome «. If not, using axiom of choice, thereisanz € X
such that

z, =Ty(x,) € X, \ U U, for all o .
UeU,
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But then z is not covered by U/, a contradiction. As Xa0 is compact, we then have a finite sub-
cover Uy, ...,U, C X, ,andthen, X = UZL=1 w;S(Ui) follows. Thus, U/ has a finite sub-cover.

Conclude the proof by Alexander’s sub-base lemma.

Assignment 15.11: (Surjective maps of compact spaces)

10

Suppose X, Y are compact, Y is 73, and f : X — Y is a surjective continuous map. Prove that there
exists a compact set X, C X such that f : X, — Y is surjective, but for any proper closed set C' C X,

we have f(C) #Y.

Hint : Consider the collection

and apply Zorn’s lemma.

U= {U(C)openX | F(X\U) =Y},

79



Day 16 : 26" September, 2025

locally compact space — compactification

16.1 Local compactness

Definition 16.1: (Neighborhood)

Given a space X, a neighborhood of a point z € X isany set N C X suchthatz € int N C .

Definition 16.2: (Locally compact space)

A space X is called locally compact at x € X if for any given open nbd x € U, there exists a compact
neighborhood x € C' C U. The space X is called locally compact if it is so at every point x € X.

Proposition 16.3: (Locally compact Hausdorff)

Suppose X is a Hausdorff space. Then the following are equivalent.

a) X is locally compact.

b) For any z € X and any open nbd z € U C X, there exists an open nbd z € V C U C X, such
that V. C U and V is compact.

c) Every z € X has a compact nbd.

Proof : That b) implies local compactness is clear, even without the Hausdorff assumption. Now, suppose
X is locally compact, 7,,. For an open nbd x € U C X, we have some compact nbd z € C' C U. By the
definition of nbd, we have some open nbd x € V. C C' C U. Now, since X is T, we have C'is closed.
Hence,

VcC=VcC=CcU.
Also, closed subsets of compact is always compact. Thus, V is compact. Thus, a) implies b).

Again a) = c) is clear from the definition. Suppose c) holds. Let x € U C X be an open nbd, and x €
C C X be a compact nbd. Clearly x € W = U N int(C) is an open nbd. It follows that K = C' \ W is
a closed subset of the compact set C, and hence, K is compact. Now, z ¢ K. Since X is T, we have
opensetsx € A, K C B,suchthat ANB=@gSetV =WnNA=UnNint(C)N A, which is an open
nbdxz € V C U. We observe

VcWcC=VclC=C.
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Consequently, V is compact, being a closed subset of a compact set. Also, V C Aand AN B = & (as
AN B = g, and Bis open). Thus,

VcCnN(X\B)=C\B=(KUW)\B=W\BcWcU.

This proves b), and hence a). O

Example 16.4: (R is locally compact)

Since R is Hausdorff, it is enough to check that for any z € R, we have [z — 1,z + 1] is a compact nbd.
Similarly, any R™ is also locally compact. As for Q C R, for any open set U = (—¢,¢) N Q it follows that

U = [—&,¢] N Q is not compact, as it is not sequentially compact. Thus, Q (which is T;) is not locally
compact.
Assignment 16.5: (Total order with l.u.b. is locally compact) 10

Show that any totally ordered set (X, <) with the least upper bound property is locally compact.

Assignment 16.6: (Locally compact as intersection of open and closed set) 4+6=10

Suppose X is a locally compact, T, space.

a) IfU C Xisopen,and C C X is closed, show that U N C'is a locally compact set.

b) Suppose Y C X is a locally compact set. Then, Y is the intersection of an open set and a closed
set of X.

Hint : Show that Y is open in Y in the subspace topology.
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Assignment 16.7: (Open image of locally compact space) 8+2=10

Suppose X is a locally compact space, and f : X — Y is a continuous surjective map. If f is an open

map, then show that Y is locally compact. Give an example of a continuous image of a locally compact
space, which fails to be locally compact.

Hint : Consider Q with discrete topology and the usual topology.

Assignment 16.8: (Product of locally compact space) 5+5=10

Given a collection of (nonempty) spaces {X_}, consider the product X = Ha X,,. Show that the
following are equivalent.

a) X is locally compact.

b) Each X is locally compact, and moreover X, is compact for all but finitely many a.

16.2 Compactification

Definition 16.9: (Compactification)

Given a space X, a compactification of X is a continuous injective map ¢ : X < X, such that X = (X)
is a compact space. We shall identify X C X asa subspace, and understand X as the compactification.

Example 16.10: (Compactification of compact space)

Suppose X is compact. Then Id : X — X is trivially a compactification. In fact, if X is a Hausdorff
compactification of X, then necessarily X = X (Check!).

Proposition 16.11: (Alexandroff compactification)

Given any noncompact space (X, 7), there exists a compactification X = X LI {o0}, where cois a point
not in X (also denoted as X™*).

Proof : Consider the space X = X U {0}, along with the topology
Too =T U{{oc} U(X\C) | C C X is closed and compact}.
Let us verify that 7__ is a topology.
i) odeT CT,

i) X ={oo}U(X\@)€T,,sinced C X isa closed, compact subset.

iii) ForanyU, = {oco} U (X \ C,)), where C,, C X is closed compact, we have | JU, = {c0} U (X \
ﬂa C’a). Since arbitrary intersection of closed is closed, and arbitrary intersection of compact is
compact, we have ﬂa C, C Xisclosed, compact. Thus, Ua U, € T Since finite union of closed
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(resp. compact) sets are closed (resp. compact), we see that ﬂ¢:1 U, €T, ifU ={oo} U (X\
C,) for some C; C X closed, compact.

iv) Since T is a topology, it is closed under arbitrary union and finite intersection.

v) Finally, let us consider some U C X open, and some V = {oco} U (X \ C) for C' C X closed,
compact. We have U NV = U \ C, which is open in X. Also,

UUV ={oc}U(X\NC)UU ={o0}U(X\ (C\D)).
Since C'\ U is a closed subset of a compact set, it is again closed, compact. Thus, UNV € T_.

Thus, T, is indeed a topology. It is easy to see that the inclusion ¢ : X < Xisa homeomorphism
onto the image (Check!). Also, for 0o, any open neighborhood clearly intersects X, since X itself is not
compact. Thus, X = m Finally, let us check that X is compact. Indeed, for any open cover U = {U,},
choose some co € U, .Then, U, = {oo} U (X \ C), where C' C Xis closed and compact. We have U
is an open cover ofX and so, we have a finite subcover, say C' C U U . Then, { iy 1=0,. k}
is a finite subcover of X.

Remark 16.12: (Alexandroff compactification of compact space)

If X is compact to begin with, then the Alexandroff compactification still produces a compact space X =
X U {oo}, which contains X as a subspace. But here {co} is an isolated point, and X = X C X. Thus,
by our definition, it is not exactly a compactification!

Exercise 16.13: (One-point compactification and Alexandroff compactification)
Consider the space

X = {paq,xlax27 "'7y1ay27 }

Give the subspace {z;, x5, ..., Y1, Ys, ...} the discrete topology. For p, declare the open neighborhoods
as {p} U A, where A C {y;,¥s,...} is cofinite. For ¢, declare the open neighborhoods as {q} U B,
where B C {z, %y, ...,Yq,Ys, ... } is cofinite. Check that X is compact with this topology. Now, consider
Y = {p,z,,%o, ..., Y1, Yo, -.. }, Which is noncompact (Check!). Clearly, Y = X. Thus, X is a compactifi-
cation of Y. We claim that X is not the Alexandroff compactification of Y. Indeed, consider the set

K = {p,y1,¥s, ...} C Y, which is compact (Check!). Also, K is closed in Y. But, {¢} U(Y \ K) =
{¢, %1, 25, ...} is not open in X.

Assignment 16.14: (Uniqueness of Alexandroff compactification) 10

Suppose X is a noncompact space, and ¢ : X < Xis a compactification with |X’ \ (X)) =1.If Xis
T,, then show that Xis homeomorphic to the Alexandroff compactification X™* of X.

Assignment 16.15: (Compactifcation functor) 34+34+4=10

Let X, Y, Z be noncompact spaces, with their Alexandroff compactifications X’, f’, Z.

a) Givenasetmap f: X — Y, one can define the set map
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fX—Y
OOX|_)OOY
Checkthatg/\f=§offorsetmapsf:X—)Y,g:Y—>Z,and aIsoIﬁ;:IdX.

b) Prove that fis continuous if and only if f : X — Y is continuous and proper (i.e, for any compact
set K C Y, the pre-image f~!(K) is compact).

c) Show thataset map f: X — Y is a homeomorphism, if and only if f : X — Y is a homeomor-
phism.

p

Theorem 16.16: (One-point compactification of locally compact Hausdorff space)

Let X be a noncompact space. Then, the one-point compactification X is T, if and only if X is locally
compact, 7.

Proof : Suppose Xis T,.Then, X C Xis clearly T,. Also, forany € X, we have opensetsz € U, 00 €
VsuchthatU NV = @.Then, U C X,andV = {oo} U (X \ C), where C C X is a compact (and also
closed, as X isT5). Then,x € U C C, thatis, C'is a compact neighborhood of z. Since X is T, it follows
that X is locally compact.

Conversely, suppose X is locally compact, T;,. We only need to show that for any € X, there open
setsx € U,00 € V suchthatU NV = @&. Since X is T,, we have an opensetx € U C X such that U
is compact (and hence closed). Then, we have V = X \ U is an open nbd of oo in X. Clearly, UNV =
@. Thus, X is T,. d
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Day 17 : 16" October, 2025

properties of Lindel“of spaces — separable spaces

17.1 Properties of Lindel"of spaces

Proposition 17.1: (Image of Lindel“of spaces)

A continuous image of a Lindel"of space is again Lindel"of

Proof : Suppose f: X — Y is a continuous surjection, and X is Lindel"of. Consider an open cover
Y = Ua V... Then, we have an open cover X = Ua f~Y(U,), which admits a countable sub-cover, X =
Uz, 1 (Uai>. Then, Y = f(X) = ", U,, . Thus, Y is Lindel"of. O

Lindel"of spaces are not well-behaved when considering product or subspaces.

Example 17.2: (R, is Lindel“of)

Let us show that the lower limit topology R, on R is Lindel"of. Suppose {U,,} is an open cover. For each
z, we have [z,r,) C U,_, for some r, € Q. Clearly, R, = {J_[,7,). Let us consider the space C =
U, (z, ;). We claim that R \ C'is countable. Indeed, for each u,v € R\ C, with u < v, we must have
r, < T, since otherwise we getu < v < r, < r, and then, v € (u,r,) C C a contradiction. Thus, we
have an injective map

R\NC—=Q
U T,.

But then R \ C'is countable, as Q is countable. Say, R\ C' = {ul}f:1 On the other hand, considering
C = UmeR(x, r,.) as a collection of open sets in the usual topology of R, we have a countable subcover
c=U" (a:i, rm_). Thus, we have a countable cover,

=1 K3

[2i:2,) € UV, WU,

[

oo

Re - U [ui’ruz) U

=1 A

—

1

Hence, R, is Lindel"of.

Example 17.3: (R, x R, is not Lindel“of)

Let us now show that the product X = R, x R; (also known as Sorgenfrey plane) is not Lindel"of.
Consider the subset A = {(z,—z) | x € R} C X. Itis easy to see that A is open. Next, for each z € R,
consider the openset U, = [z,2 + 1) X [—z,—z + 1) C X. It follows that AN U, = {(x,—x)}. Now,
consider the open cover

X=X\A)u|]JU,.

zeR

This cannot have a countable subcover, since A is uncountable.
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Assignment 17.4: (G;-sets) 5+5=10

Aset A C X is called a Gj-set if we can write A as the intersection of countably many open sets of X.

a) Suppose X is a first countable, T} -space. Show that every singleton of X is Gj.

b) Show that the irrationals R \ Q form a G;s-setin R.

Assignment 17.5: (G;-space) 5+5=10

Suppose (X, d) is a metric space. For any A C X and any € > 0, define the e-neighborhood of A as
N_(A) :={x € X | d(a,z) < € for some a € A}.
a) Show that NV_(A) is an open set containing A.
b) Show that any closed subset C' C X is a Gj-set.

Note: A space X is called a Gs-space if every closed subset C' C X is a Gs-set. Thus, any metric space is
a Gj-space.

Assignment 17.6: (Points of continuity is Gs) 10

Suppose f: X — (Y, d) is a function (not necessarily continuous). A point z € X is called a point of
continuity of f if for any € > 0, there exists an open neighborhood z € U C X, such that f(U) C
B,;(f(z), ). Show that the set of points of continuity of f is a Gj-set.

p

Quiz 17.7: (Image of Lindel“of) ) ]

Suppose f : X — Y is a continuous surjection. If X is Lindel"of, show that Y is Lindel"of. ‘

Definition 17.8: (Hereditarily Lindel“of)

A space X is called hereditarily Lindel"of if every subspace A C X is Lindel"of.

Proposition 17.9: (Heredlitarily Lindel“of if and only if open subsets are Lindel”of)

A space X is hereditarily Lindel"of if and only if every open subspace U C X is Lindel"of.

Proof : One direction is trivial. So, suppose every open subspace of X is Lindel"of. Consider an arbitrary
subset A C X, with the subspace topology. Suppose, we have an open cover A = Ua U,, whereU, =
ANV, forV, C X open. Now, U = Ua V., is an open cover, which admits a countable subcover, say
U=U",V,, Butthen A=ANU =" ANV, =U." U, Thus, Ais Lindel"of. Since A was
arbitrary, we have X is hereditarily Lindel"of. O

86



Assignment 17.10: (Lindel“of Gs-space is hereditarily Lindel”of) 10

Suppose X is a Lindel"of, G5-space. Show that X is hereditarily Lindel"of.

Assignment 17.11: (Hereditarily Lindel“of, T),-space has points Gj) 10

Suppose X is a hereditarily Lindel"of, T, space. Show that every singleton of X is a Gj-set.

Assignment 17.12: (Second countable spaces are Hereditarily Lindel“of) 10

Prove that every second countable space is hereditarily Lindel"of.

-

Quiz 17.13: (Hereditarily connected) 5

A space X is called hereditarily connected if every subspace A C X is connected. Show that the following
are equivalent.

a) X is hereditarily connected.

b) The topology is a totally ordered set with respect to inclusion.

Example 17.14: (§Q is not hereditarily Lindel“of)

Recall the space X = S, = Sq, U {Q}, which was shown to be compact, and hence, Lindel"of. Now, for

each a € S, consider the open sets U, = (a,a + 2) = {a + 1}. Since S, is uncountable, we have the

uncountable discrete space A = _. (a,a+2) =J _, {a+ 1}. Clearly, this is not Lindel"of. Thus,
Q

— Q
S, is not hereditarily Lindel"of.

Assignment 17.15: (Brouwer’s theorem) 10

Suppose X is a second countable space. Let IC = {C,, } be a collection of closed subsets of X, such that
for any decreasing sequence C, D C, D ... of elements of IC, we have N C, € IC. Show that K has
minimal element A € C, i.e, no proper subset of A belongs to K.

Quiz 17.16: 5

Let X be a second countable space. Show that given any base B, there is a countable basis B’ C B.

17.2 Separable space

Definition 17.17: (Separability)

Given A C X, wesay A is dense in X if X = A. Aspace X is called separable if there exists a countable
dense subset.
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Exercise 17.18: (Dense set and open set)

Show that A C X is dense if and only for any nonempty open set U C X we have U N A # &.

Exercise 17.19: (Second countablity and seperability)

Show that a second countable space is separable. Check that R with the cofinite topology is separable,
but not second countable.

Proposition 17.20: (Image of separable space)

Let f : X — Y be continuous surjection. If X is separable, thensois Y.

Proof : Suppose A C X is a countable dense subset. Since f is continuous, we have, f(Z) C f(A) =
f(A) D f(X)=Y = f(A) =Y. Thus, f(A) is dense in Y, which is clearly countable. Hence, Y is
separable. 0

Proposition 17.21: (Product of separable spaces)

Suppose {Xo‘}ael is a countable collection of separable spaces. Then, the product X = [[ X, is
separable.

Proof : Fix countable dense subsets A, C X . Fixsome a,, € A,. Then, consider the collection
A= {(xa) € HAa | z, = a, for all but finitely many « € I}.

By construction, A is countable. Let us show that A isdense in X. Let U C X be a basic open sets. Then,
U =1, U, where U, = X,, forall a € I\ {ay, ...,a;}. Since X, = A, we have b, € U, NA,
fori =1,...,k. Setb, = a, foralla € I \ {ay,...,a;}. Then, clearly b € U N A. Thus, A = X. Hence,
X is separable. O

Example 17.22: (Subspaces of separable space)

Subspaces of a separable space need not be separable! Consider an uncountable set X, and fix a point
xy € X. Equip X with the particular point topology based at z, (i.e, a nonempty set is open in X if and
only if it contains z). Then, {z,} is dense in X, and thus X is separable. On the other hand, the set
X \ {z,} is an uncountable discrete subspace, and hence, cannot be separable.

Definition 17.23: (Nowhere dense subset)

A subset A C X is called nowhere dense if int (Z) = .
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Example 17.24:

Z C R is nowhere dense, and so is the Cantor set (which is uncountable). If X has discrete topology, no
subset A C X is nowhere dense. The set A :=Z U ((0,1) N Q) C R is not nowhere dense.

Exercise 17.25: (Nowhere dense discrete subspace of R)

Show that any discrete subspace A C R is nowhere dense. In particular, {% | n > 1} is nowhere dense.

Theorem 17.26: (Nowhere dense equivalence)

Let A C X is given. The following are equivalent.
a) int(Z) =d.
b) For any nonempty open set @& #+ U C X, we have ANU is not dense in U (in the subspace
topology).
c) X\ Aisdensein X.

Proof : Suppose int (Z) = @.Fixsome & #+ U C X openset.Then, U ¢ A.Picksomey € U \ A.Since
Ais closed, we have V := U \ A is open in X, and hence, open in U as well. Now, clearly V' N (U N
A) = @, and hence, y ¢ U N AY. Thus, U N A is not dense in U.

Conversely, suppose A N U is not dense in U for any nonempty open set U C X. If possible, suppose
int (E) =#+ &. Then, there exists some nonempty open set U C A. Pick y € U and some arbitrary open
neighborhood y € V' C U. Since U is open in X, we have V is openin X aswell. Now,V C U C A =
VNA+J(since VNA=g =V NA=g for V open). Thus, we have gV NA=(VNU)N
A=V N (UnN A).Since V wasan arbitrary open neighborhood of y in U, we have y is an adherent point
of U N A (in the subspace topology). Thus, we have A N UY = U, a contradiction. Hence, int (Z) = .

Let us now assume that X \ A is dense in X. Then, for any nonempty open set U C X, we must have
Un (X \Z) + @ = U ¢ A.But then, int(Z) = . Conversely, suppose int(Z) = . Then, for any
nonempty open set U C X, we have U ¢ A=Un (X \ Z). But this means X \ A is dense in X. [J

Quiz 17.27: (Nowhere dense and boundary) 2x5=10

Given any A C X, recall the boundary A := AN X \ A. Prove the following.

a) Suppose U is open in X. Show that QU is nowhere dense.

b) Suppose C'is closed in X. Show that 0C'is nowhere dense.

c) Give an example of some A C X, such that A is not nowhere dense.

d) Suppose A C X is nowhere dense, and closed. Show that A = QU for some U C X open.

e) Give an example of some nowhere dense A C X such that A is not a boundary of any open subset
of X.
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Day 18 : 17" October, 2025

countability axioms in metric space — Lebesgue number lemma

18.1 Countability axioms in metric spaces

Remark 18.1:

We have the implications

Second countable =——= F'irst countable

Hereditarily Lindel"of

*===-- Lindel"of Separable

Recall, a space is called a Gj-space if every closed set can be written as the intersection of countably
many open sets.

Example 18.2: (Lindel“of is not separable)

Consider an uncountable space X, and fix a point , € X. Let T be the excluded point topology on X :
a proper subset U C X is open if and only if z, ¢ U. Then, the only open set containing z is X itself,
and hence, X is Lindel"of (in fact, compact). On the other hand, it cannot be separable : for any set A C
X, one can see that A = A U {p}. Thus, there cannot be a countable dense subset.

Example 18.3: (Separable is not Lindel“of)

Consider an uncountable space X, and fix a point z, € X. Let 7 be the particular point topology on
X based at z, : a nonempty set is open if and only if it contains z,. Then, (X, T) is separable, as the
singleton {z } is dense in X. But (X, 7) is not Lindel"of, as the open cover {{z,,z} | z € X} does not
have any countable sub-cover.
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Theorem 18.4: (Metric space and countability axioms)

Suppose (X, d) is a metric space. Then, X is first countable. Moreover, the following are equivalent.

a) X is second countable.
b) X is separable.
c) X is Lindel"of.

Proof : Given any =z € X, consider the open balls B, := Bd(x, %) It is easy to see that {B,} is a
countable basis at z. Thus, X is first countable.

Since any second countable space is separable and Lindel"of, clearly a) = b) and a) = c) holds.

Let us assume X is separable. Then, we have a countable subset A C X which is dense in X. Consider

the collection
1
B := {Bd(a,—) la€ A, n> 1},
n

which is clearly a countable collection. Let us show that B is a basis for the topology on (X, d). Suppose
x € X, and pick some arbitrary open neighborhood x € U C X. Then, for some n > 1, we have

1 1
€ B — | CB — | cU.
T d(xv 2TL) d(xan)

Since A is dense, we have some a € AN B,(z, 5-). Then, forany y € By(a, 5= ), we have

1 1 1 1
< S = B,(z, ~ .
d(m,y)_d(m,a)—l—d(a,y)<2n+2n n=>y€ d(x,n)CU

Thus, By(a, 5=) C U. Also, d(z,a) < 5= and so, z € By(a, 5= ). Thus, Bis a basis, showing b) = a).

Now, suppose X is Lindel"of. For each n > 1, consider the collection

U, = {Bd(:c,l> | © GX},
n

which is clearly an open cover of X. Hence, there is a countable subcover V, C U,,. Consider the
collection V = Un>1 V.., which is clearly a countable collection of open sets. Let us show that V is a
basis for the topolo_gy on (X, d). Fixsome x € X, and some open neighborhood z € U C X. Then, for
some n > 1 we have z € By(z, 5= ) C By(z, 1) C U. Since V,,, is a cover, there is some a € X such
that B,(a, 5=) € Vs, and z € By(a, 5= ). Now, forany y € B,(a, 5 ), we have

1 1 1 1
d <d d —t—=—-= B — U.
(@9) < d(@,0) +d(a,y) < 5-+ 5= = > =y € By(m ) €
Thus, z € B, (m, %) C U. This shows that V is a basis, proving c) = a). O

Proposition 18.5: (Compact in metric space)

A compact subset of a metric space is closed and bounded.

Proof : Let (X, d) be a metric space, and C' C X is a compact subset. Since metric spaces are T, clearly
any compact subset is closed. For any x, € C' fixed, consider the open covering C' C Un>1 B,(zg,n).
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This admits a finite subcover, say, C C U , Ba(zg,n;). Taking ng := max, ;< n,;, we have C' C
B,(zy,ng)- Thus, C'is bounded. O

Example 18.6: (Closed bounded set in metric space)

In an infinite space X, consider the metric

_JO0 =y
a(z,y) '_{1 T+ v.

The induced topology is discrete, and hence, X is not compact. But clearly X is closed in itself, and
bounded as X C By(x,2).

Lemma 18.7: (Lebesgue number lemma)

Suppose (X, d) is a compact metric space, f : X — Y is a continuous map. Let V = {V } be an open
cover of f(X). Then, there exists a § > 0 (called the Lebesgue number of the covering) such that for any
set A C X, we have

Diam(A) := sup d(z,y) < J = f(A) C V, for some a.
z,yeA

Proof : For each x € X, cIearIy, flz) eV, o, forsome . By contlnwty of f, we have some §,, > 0 such
that the ball z € B,(z,d,) 1( z) Now X = U (:r, ) has a finite subcover, say, X =

Uiled( T ).Set

J

o X,
0 := min —*.
1<i<n

We claim that d is a Lebesgue number for the covering. Le('g A C X beasetwith Diam(A) < 4. For some
a € A, there exists 1 < i, < n, such that a € B, (371'0’ %) Now, for any b € A, we have d(a,b) <
Diam(A) < 6. Then,

5% 5% 6% 353%0
d(z;,,0) < d(z;,, )+d(a,b)<7+5£ Sttt =<,
Thus, A C Bd( 2,0, ) = f(A) C f(Bd(wio,ém_ )) cv, . 0
0 Tig
Assignment 18.8: (Lebesgue number property) 10

A metric space (X, d) is said to have the Lebesgue number property if given any open cover Y = {U, }
of X, there exists a number § = §(U) > 0, which is a Lebesgue number for the covering (i.e, given any
subset A C X, with DiamA < §, there is some U, € U such that A C U,). Suppose (X, d) has the
Lebesgue number property. Show that every continuous map f : X — Y, where Y is a metric space, is
uniformly continuous. We shall see later that the converse is also true!
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Day 19 : 21t October, 2025

T, -space — completely T, space — Arens square

19.1 Tz%-space and completely Hausdorff space

Definition 19.1: (TQ%-space)

A space X is called a T21 -space (or an Urysohn space) if given any two distinct points x,y € X, there
exists d|5]0|nt closed nelghborhoods of them, i.e, there are closed sets A, B C X such that z € Ac
A,yEBandAﬁB_Q.

Remark 19.2: (TQ% =T5)

Alternatively, we can define TQ%-space as follows : given any two distinct z,y € X, there exists open
setsU,V C X,suchthatx € U,y € V, and U NV = @&. Thus, it is immediate that TQ% =T,.

Example 19.3: (T, T2%)

Let us consider the double origin plane. Let X be R?, with an additional point 0*. For any z € X with
x # 0,0%, declare the open neighborhoods of x to be the usual open sets z € U C R? \ {0}. For the
origin 0, declare the basic open neighborhoods

1
Uy = {(@y) e R | o +52 <2, y> 0} U{0}, n>1,

and similarly, for 0*, declare the basic open neighborhoods to be
2 .2 2 1 *
V,:=9(z,y) eR? |z +y <ﬁ’ y<0pU{0*}, n>1.

It is easy to see that these basic open sets form a basis for a topology on X. With this topology, X is
called the double origin plane. It is easy to see that X is T5. But for any two open neighborhoods of 0
and 0*, there is always some point of the form (z, 0) with  # 0, which is a limit point of both open sets.
Thus, 0 and 0* cannot be separated by closed neighborhoods. Hence, X is not a T2%—space.

Definition 19.4: (Completely Hausdorff space)

A space X is said to be a completely Hausdorff space (or a functionally Hausdorff space), if given any
two distinct points z,y € X, there exists a continuous function f : X — [0, 1] such that f(z) = 0 and

fly) =1
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Remark 19.5:

Suppose, given z # y € X, we have a continuous map f : X — Rsuch that f(z) # f(y). Without loss
of generality, assume f(x) < f(y). Consider the function

g:R—R
flz) t< f(z)
t— <t flz) <t < fly)
fly) fly) <t

By the pasting lemma, g is continuous. Then, h = go f : X — [f(z), f(y)] is a continuous map. By
composing with a suitable homeomorphism [f(z), f(y)] — [0, 1], we can then get a continuous map
F: X —[0,1] such that F(z) = 0and F(y) = 1.

Exercise 19.6:

Suppose Y is a completely T, space. Given a space X, suppose for any z # y € X, there is a continuous
map f: X — Y such that f(z) # f(y). Verify that X is completely T;,. In particular, subspaces and
products of completely 7, spaces are again completely 7,.

Proposition 19.7: (Metric space is completely T5)

A metrizable space X is completely 75,. Consequently, given a space Y and a continuous injective map ¢ :
Y < X, we have X is completely T,. A space which admits a continuous injective map into a metrizable
space is called a submetrizable space.

Proof : Any metrizable space X is T,,. Thus, we only need to show that it is regular. Suppose d is a metric
on X inducing the topology. Then, € := d(x, y) # 0. Consider the function,

f(z) =d(z,2) + (e —d(z,y), z€X.

Since distance function is continuous, it follows that f : X — R is a continuous function. Also, f(y) =
2e #+ 0 = f(z). But then we can get a continuous map h : X — [0, 1] such that h(z) = 0 and h(y) =
1. Thus, X is completely T5,. O

Proposition 19.8: (Completely T,,-spaces are T2%)

A completely T5-space is T2%.

Proof : Let X be completely T5,. For any distinct z, y € X, get a continuous function f : X — [0, 1] such
that f(z) = 0, f(y) = 1. Then, consider the closed sets A := f~([0, 1] ), B:= f~*([3,1]), which are
clearly disjoint. Also, x € (f_l([O, i)))open o x C A, and so, x € A. Similarly, y € B. Thus, X is a T2%
-space. Ll
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Assignment 19.9: 54+5=10

Given a space X, show that the following are equivalent.
a) X is completely T,,.
b) The map

v: X —[0,1]°X0W .= T [0,1]
fec(X,[0,1))

z > (f(2)) fecx,j0,1)

is injective, where C(X,[0,1]) = {f : X — [0,1] | f is continuous}.

Quiz 19.10: (T, spaces have closed retract) 3+(14+4)+2=10

Suppose X is a T, space.
a) Suppose f,g: X — Y are continuous maps. Consider the set
A={zeX | f(z)=gx)}
Show that A is closed in X.

b) Lett: A — X, andr: X — A be continuous maps satisfying 7o ¢« = Id 4.

A—X
L

Show that ¢ is injective, and ¢(A) is closed in X.

A subspace A C X is called a retract of X if there exists a continuous map r : X — A such thatr(a) =
a forany a € A. Show any retract of a T},-space is a closed subset.

Quiz 19.11: (Compact sets of @ is closed) 10

Show that any compact subset of the one-point compactification @ = QU {0} of Qis closed in @

Hint : Recall that given a sequence {z,,} C Q, with z,, » = € Q, the set K = {z} U {z,} is
compact and closed. Thus, U = {oo} U (Q\ K),and U, = {r € Q | z,, < r} are open sets in Q
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Example 19.12: (Arens square)

Consider @ := (0,1) N Q, and let Q = Ugeq @, be adisjoint union of dense subsets Q, C Q, indexed
by ¢ € Q. As an explicit example, index each prime number as {p, | ¢ € Q}, and then consider

a ; .
Qq:{ﬁugagp;, ged (a,pq):l, 121}.

q

Clearly, Q, is dense in @, and they are disjoint. Now, consider A = @ \ quQ Q- Just modify, say, Q’% =
Q% U A. We still have disjoint dense sets.

Let us now consider the set

X ={(0,0),(1,00} U | J{q} x Q, c R?
qeQ

S
=~

(0,0 (39 (.0 (.0 )

Open sets in Arens square.

Let us topologize X by declaring basic open neighborhoods for each point.

 For (0,0), declare basic open neighborhoods as the collection

1 1
Un::{(o,o)}u{(x,y)eX\0<x<Z, 0<y<5}, n=>1

* For (1,0), declare basic open neighborhoods as the collection

3 1
Wl::{(l,o)}u{(:c,y)eX|Z<:c<1, 0<y<ﬁ}’ n=>1

e Forany (%,r) € I x Q1, declare basic open neighborhoods as the collection
2 2 5

1 3 1
W, (r) = {(:c,y) g<z<3 ly—rl< 5}, n>1.

o Let X\ {(0,0), (1,0} U {3} x @1 inherit the usual subspace topology from R2.

These neighborhoods form a basis for a topology on X. This space is called the Arens square.
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Proposition 19.13: (7, 1 # Completely T, : Arens square space)

Arens square is T2%-space, but not completely 75,.

Proof : Let us consider the points @ = (0, 0) and some b = (3,7). Fixsomem,n > 1such0 < 2 <r —
% <r+ % < 1. Then, it is easy to see that m N Wn = . Similar argument can be applied to b and
a’ = (1,0). For any point ¢ = (g, s) with g # 3, observe that the y-coordinate s cannot be repeated

as (%, s), since we started with a disjoint partition. Thus, using the denseness, we can again get some
closed neighborhoods. Hence, the Arens square is a T%—space.

Let us show that it is not completely T,,. If possible, suppose f : X — [0, 1] is a continuous map, where
X is the Arens square, such that f(0,0) = 0and f(1,0) = 1. Since f is continuous, we must have some
m,n > 1 such that

(0,00 U, C f! [0, i) (1,0)0eV, c f! (§,1].

Let us fix some 7 € Q1, with r < min{Z, L }. This is possible since Q1 is dense in Q. Now, f(,r)
cannot be in both [0, 7) and (2, 1]. Without loss of generality, we can assume that exists some open
interval U C [0, 1] such that

1 1 —

- U 0,-|NU =@.

B v [pl]aT-s

Then, the pre-images f~'[0,1] and f~U are disjoint closed neighborhoods of (0,0) and (1,r)
respectively. Now, U, C f71[0,1) C f71[0,1]. Since r < %, it follows (Check!) that U,, N W, # & for
any k > 1. This contradicts f~! [0, 2] N U = @. Hence, the Arens square is not completely T,. 0

Remark 19.14: (Totally disconnected spaces may not be completely T.,)

It is easy to see that Q, which is a totally disconnected set, is completely T;,. Indeed, for any r, s € Q,
with r < s, get some irrational r < £ < s. Then,

f(t):{o t<wz

1 z<t

is a continuous function, with f(r) = 0, f(s) = 1. Butin general, a totally disconnected space need not
be completely 75.

Indeed, we have seen that the Arens square X is not completely 7. Let us show that it is totally
disconnected. Firstly, observe that the second component projection 7 : X — [0, 1] N Qs a continuous
map (but the first component projection is not continuous). Now, any two points of X cannot share the
same second component, and thus 7 is injective. Hence, if a connected set A C X contains more than
one point, 7(A) will be a connected set of [0, 1] N @, with more than one point, a contradiction. Thus,
X is totally disconnected.
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Day 20 : 23" October, 2025

regular space — T; space — half-disc topology — Tychonoff plank — Tychonoff corkscrew

20.1 Regular space and 7;-space

Definition 20.1: (Regular space)
A space X is called regular if given any closed set A C X and any point z € X \ A, there exists open
sets U,V C X such that

xelU, AcCV, UNV=gyg.

Assignment 20.2: (Semiregular space) 44+44+2=10
Anopenset O C X iscalled aregular open set if it satisfies int (5) = 0. Aspace X is called semiregular
if it admits a basis B of regular open sets. Prove the following.

a) Aregular space is always semiregular.
b) A semiregular space may not be regular. (Hint : Arens square)

c) A semiregular, T, space may not be T2% (and hence, not functionally T, either). (Hint: the double-
origin plane)

Proposition 20.3: (Regularity via closed neighborhood base)

Given a space X, the following are equivalent.

a) X isregular.

b) Given any x € X and open neighborhood x € U C X, there exists a closed neighborhood x €
ccccvuU.

¢) Given any z € X and open neighborhood z € U C X, there exists an open neighborhood x €
VcVvcU.

In other words, regularity is equivalent to the fact that closed neighborhoods of any point forms a local
base at that point.

Proof : Suppose X is regular. Let x € U C X be an open neighborhood. Then A = X \ U is a closed
set,and x ¢ A. By regularity, there are open sets P, ) C X such that

reP, ACQ, PNQR=9g.
Note that
PNQ=g=PCX\Q=PCX\Q=X\QCX\A=U.
Thus, we have a closed neighborhood z € P C P C U. This proves a) = b).

Let us show b) = c). Suppose z € U C X is given. Then, by b), we have some closed neighborhood = €
C C C C U.ButthentakingV =C,wehavez € V C V C C = C C U. This proves b) = c).
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Finally, suppose c) holds. Let A C X be closed, and z ¢ A be a point. Then,z € U := X \ A.Byc), there
is an open neighborhood suchthatz € V C V C U.ConsiderP =V andQ = X\ V.Then,z € V =
P,and A= X\U C X\V =Q.Clearly, PN Q = &. Thus, X is regular, proving a). O

Quiz 20.4: (Regular space and separation by closed neighborhoods) )

Suppose X is a regular space. Let A C X be closed, and x € X \ A be a point. Show that 2 and A can
be separated by disjoint closed neighborhoods, i.e, there exists closed sets P, Q C X such that

rePcP, ACQcCQ, PnQ=g.

Assignment 20.5: (Subspace and product of regular spaces) 44+6=10

Let us verify the usual operations on regular spaces.

a) Show that a subspace of a regular space is regular (that is, regularity is a hereditary property).

b) Let {X,} be a collection of (nonempty) spaces, and X = [] X, be the product space. Show that
X isregular if and only if each X, is regular.

We shall see later that continuous image of a regular space need not be regular.

Assignment 20.6: (K -topology is not regular) 4+6=10

Given K = {% | n > 1}, recall the topology R ;- on the reals : every usual open set of R is open in R,
and moreover, for any usual open set U C R, sets of the form U \ K is also open. Show that R is
functionally T;, (hence 751), but not 7.

Hint : Show that R is submetrizable (since the identity map Rz — R is continuous). Also, note

that K is closed in R.

Definition 20.7: (75-space)

A space X is called a 7}-space if X is regular and Tj,.
Example 20.8: (Regularity does not imply T5)

Consider X = {0, 1} with the indiscrete topology. Then, X is a regular space (in fact any indiscrete space
is regular). But X is not T},. Thus, X is not T}.
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Proposition 20.9: (75 is equivalent to regular, T,)

A space X is T; if and only if it is regular, T5,.

Proof : Suppose X is regular, T,. Since T;, = T};, we have X is T5. Conversely, suppose X is T5. Let us
show that X is T;,. Let x # y € X. Since X is T}, there is an open set U C X, such that, without loss
of generality, z € U and y ¢ U. Then, there is an open neighborhood such that z € V C V C U. Take
W:=X\V.Then,y € X\U C X\ V = W.Clearly, VN W = @. Thus, X is T,. O

Proposition 20.10: (75 = TQ%)

AT;-space is TQ%.

Proof : Let z # y € X. Since X is T, we have open sets U, V' C X such that
xeU, yeV, UNV =g.

But then there are open sets A, B C X suchthatz € AC AcUandye BC BC V.Clearly, AN
B =@.Thus, X is Tys. O

Example 20.11: (7,1 # T; : Arens square is T,1, but not regular)

Recall that the Arens square X is a T2%—space. Let us show that X is not regular. For the point (0,0),
consider an open neighborhood U,,. But then for any basic open neighborhood (0,0) € U,, C U,,, we

must have that U,, contains points with y-coordinate value %. Thus, U,, ¢ U, . This means that the

closed neighborhoods at (0, 0) does not form a local base. Hence, X is not regular.

Exercise 20.12:

Check that the double origin plane is not 7.

Example 20.13: (Half-disc topology)

Consider the upper half plane H = {(z,y) | y > 0} and the z-axis L = {(z,0) | € R}. On the set
X := H U L, consider the following topology.

e Forany (z,y) € H, consider the usual neighborhoods from R? as the neighborhood basis.

e For(x,0) € L, consider the open neighborhoods as {z} U (H N U), where U C R? is a usual open
neighborhood of (z,0).

This space X is called the half-disc topology.
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Proposition 20.14: (Completely T,, #+ Regular : Half-disc topology)

The half-disc topology X is completely 75, but not regular.

Proof : Observe that the inclusion map ¢ : X < R? is continuous. Since R? is a metric space, it is
completely T;,. Consequently, it follows that X is again completely 75,. Indeed, for any x # y € X, we
have g : R? — [0, 1] continuous such that f(x) = 0 and f(y) = 1. Then, f:==go¢: X — [0,1] gives a
functional separation.

Let us now show that X is not regular (and hence not T5 either). For any point (z,0) € L, consider the
half disc D = H N B((z,0),¢) of radius € > 0 and center (z,0). Then, U = {(x,0)} U D is an open set.
These open sets clearly form a neighborhood basis at (z,0). Observe that € tU contains all the points
on the diameter of the half disc. Hence, we cannot find neighborhood basis of regular open sets at (z, 0)
(recall : an open set O is regular if int (5) = 0). Thus, the half-disc topology is not regular. O

Example 20.15: (Tychonoff Plank)

Recall the first infinite ordinal w and the first uncountable ordinal S(,. We get the well-ordered “intervals”
[0, w] (which you can think of as {0, 1,2, ...,w}), and [0, 2] (which you can think of as Sg, = S, U {Q}).
These are topological spaces equipped with the order topology, and in particular, they are compact. The
Tychonoff plank is the product [0, Q] x [0,w]. You can imagine this as the first quadrant of a coordinate
grid : the x-axis corresponds to the first uncountable ordinal, whereas the y-axis corresponds to the first
infinite ordinal. The deleted Tychonoff plank is the space [0, 2] x [0,w] \ {(Q,w)}

101



Example 20.16: (Corkscrew construction)

For the ordinal w or €, we have the totally ordered sets
A,=[-0,-1,..,w,..,1,0], Aq:=[-0,—-1,..,—w,..,Q, .., w,..,1,0],

equipped with the order topology. Here, the negative of an element is a new element (so, —0 and 0
different!). Taking product, we get a “coordinate plane”, with all four quadrants a copy of Tychonoff plank.

00 S (-0
90 R A
31 4t
T 0.0,

Delete the “origin” (€2, w). Now, take countable infinitely many copies of these planes (indexed by Z),
and stack them vertically. Next, cut all the planes along the positive x-axis. Then, along the cut, identify
the north edge of the fourth quadrant of one plane to the south edge of the first quadrant of the plane
just below . This is an identification space; since the origin was removed from all the planes, there is no
issue about well-definedness.

Constructing the Tychonoff Corkscrew

This construction can be formalized as follows. For each k € Z, consider the following spaces

T = ([2,0] x [w, 0]\ {(Q,w)}) x {k}, T = ([-0,9] x [w, 0] \ {(2,w)}) x {k},
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T = ([-0,9] x [-0,w] \ {(Q,w)}) x {k}, Ty = ([, 0] x [-0,w] \ {(2,w)}) x {k}.

These are copies of the deleted Tychonoff planks, representing the four quadrants at the k'"-stage. Let us
identify the edges to make the corkscrew (see the picture above). We consider the set X = UkeZ (Tk1 U
T,f U T,f’ U T,f), and on it define an equivalence relation as follows. For any x € X, set x ~ x. Then, for
each k € Z, consider the following collection of relations (and their reverse, to make it symmetric).

i) x ~yforz = (Q,n,k) € T}andy = (Q,n, k) € T? (identify the west-side of the first quadrant
Tk1 with the east-side of the second quadrant Tk2, along the positive y-axis).

i) x ~y forx = (—a,w, k) € T and y = (—a,w, k) € T (identify the south-side of the second
quadrant T,f with the north-side of the third quadrant T,f, along the negative z-axis).

i) z ~y for x = (Q,—n, k) € T2 and y = (Q, —n, k) € T} (identify the east-side of the third
guadrant T,f' with the west-side of the fourth quadrant T,f, along the negative y-axis).

iv) x ~yforz = (o, w, k) € Tt andy = (a,w, k — 1) € T} , (identify the north-side of the fourth
quadrant T,f with the south-side first quadrant Tkl_1 of the plane below , along the positive x
-axis).

The quotient space X /_ looks like a corkscrew. This construction can be performed with other ‘coordi-
nate plane’ whenever it makes sense!

Example 20.17: (Tychonoff Corkscrew)

Before performing the corkscrew construction as above with the Tychonoff planks, let us now add two
extra points {«, }, and consider the space

Z={a,,a }U|J(MIUTRUTEUT).
keZ

The topology on Z is defined as follows. For any point (+a, +n, k), an open neighborhood basis is
obtained from the induced topology of the deleted Tychonoff plank. Thus, basic open neighborhoods
are products of intervals. For the point a_, a basic open neighborhood consist of all of Uk>i(Tk1 U T,f U
T UT,;) for some i € Z, i.e, everything above i"™-stage. Similarly, for a._, open neighborhoods consist
ofallof J, _,(Ty UTZ UT, UTy) forsome i € Z, i.e, everything below i"'-stage. It is easy to see that
these collections of neighborhood bases forms a basis for a topology on Z. Let us now perform the
identification as above, the points {ai} are identified only to themselves, i.e,a, ~a,, a_ ~a_,and
no other point. The quotient space Z/_, is called the Tychonoff corkscrew.
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Day 21 : 24" October, 2025

Tychonoff corkscrew property — completely regular space

21.1 Regular space and 7} space (cont.)

Proposition 21.1: (Continuous map from S, is eventually constant)

Given any continuous map f : S — R, there exists some a € S, such that f(x) = ¢ for all z > .
Consequently, f can only have countably many distinct values.

Proof : If possible, suppose there exists some £ > 0 such that for any a € S, there exists some B(«a) >
awith |f(a) — f(B)| > €. Otherwise, for each n > 1, there exists some «,, such thatforall 8 > «,,, we
have | f(8) — f(a,)| < . If the sequence {a,, } is finite (i.e, there are finitely many points), then just
take § = max c,,. It follows that forany 8 > 6, we have | f(8) — f()| <  forall n. In particular, f(8) =
f(0) for all b > 6, proving the claim. If the sequence is not finite, without loss of generality, assume
ay < agy < .... Now, recall that [0, 2) is sequentially convergent. Hence, without loss of generality, the
sequence {a,, } converges to some 6 € [0,£2), and 6 > «; for all i. Then, by continuity of f we have
f(6) =lim,, f(c,,). Now, for any 5 > 6, we have

1£(8) = FO) <[F(B) = fle) +1f(e) = f(O)] = 0, n— oo
Thus, f(B8) = f(0) forany 8 > 6, again proving the claim.

Thus, let us now assume that there exists some e > 0 such that forany a. € S, there exists some () >
a with | f(a) — f(B)| > €. Starting with a;; = 0, we can construct an increasing sequence o < a; <
..., Where each Q; is inductively obtained as some ﬁ(ajfl). Now, {aj} is a countable set, and hence,
upper bounded. Suppose 6 € S, is the least upper bound of {aj}. Now, by continuity, we have some
0 < 6 such that

S

£((0,6) < (£6) =5, 7(6) +5).

Since 6 is the least upper bound of the strictly increasing sequence «;, there exists some 0 < a; < 0.
Now, for a; < e,y < 6. Butthen, |f(a, ;) — f(e;)| < ¢, a contradiction.

Hence, we have that there is some a: € S, such that f(x) is constant for all z > a. a

Proposition 21.2: (15 # Completely T, : Tychonoff Corkscrew)

The Tychonoff corkscrew is 75, but not completely 7T,.

Proof : For any point other than a, one can easily construct a basis of open sets which are regular (i.e,
int (5) = 0). Indeed, if the point is not on any of the “slits”, we can take product of intervals. For a
point on the slit, we might need to take the intervals in two different planks, but we can still get a basis
of regular open sets. For o, the image of the basic open neighborhoods are open (Check!), and they
are clearly regular open sets. Similar argument works for ac_. Thus, the Tychonoff corkscrew is a regular
space. In fact, it is ;) as every point is closed, and hence, T5.
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Let us now show that the space is not completely 75,. Suppose f is a real-valued continuous function.
Observe that for n # 0, on each of the horizontal lines A, x {n} x {k}, the function f is constant on
an interval of the form [—a, a] about 2. Same argument works for the z-axis as well, and we get a
deleted neighborhood about {(2, w, k)} where f is constant. Now, there are countable infinitely many
such intervals, on each of which f is constant. Indeed, on each stage, there are countable infinitely many
horizontal lines (counting two lines for the xz-axis), and there are countable infinitely many stages (the
positive x-axes are getting counted twice, which is not an issue). Again, using the well-ordering, we can
get a common « such that f is constant on each of the [—a, o] x {£n} x {k} and on ([—a, a] x {w} \
{(Q,w)}) x {k}, forall k € Z.

Fix some —f € [—a, 2), and the corresponding 5 € (2, a]. Then, denote the same points (i.e, their
equivalence classes) in different stages as

—p* = (=B,w,k), B*=(B,w,k).
Next, get the sequences
—B%, = (=B,£n,k), BE, = (8,£n,k).
Clearly, as +n — w, we have
—Bin = —B* Br—B* BE,— B

where the last convergence follows since the north edge of the fourth quadrant is identified with the
south edge of the first quadrant of the stage just below! Now, f(—@%, ) = f(%,,). Hence, by continuity,

f(=B%) =lim f(—pf) =1lim f(8}) = f(8*),
and also,
f(=B%) =lim f(—p*,) =lim f(B%,) = f(B*").

But then, inductively we see that f(+/3") are all constant. This implies that f is constant on the union
of deleted intervals

T = {J([~a o] x {wI\ {(2,w)}) x {k}.

keZ

We can now get a sequence {ai}ji_OO € Z (in fact, taking a,; = +3° will do) such that lim, , __ a; =

o, and lim; , _ a;, = a_. This follows since the basic open neighborhoods of {a } contains all the

stages after (resp. below) a certain ‘height’. By continuity of f, we have f(a ) = f(a_). Thus, Tychonoff
corkscrew is not functionally 75, as no continuous function is able to distinguish the points o . O

Assignment 21.3: (Fort space on reals) 44+6=10

On the set [0, 1) consider the following topology
T:={z}U{[0,1)\ F | F C (0,1) is finite} U{S | S C (0,1)}.
Let X = ([0,1),T) be the space.

a) Show that X is the one-point compactification of R equipped with discrete topology.
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b) Suppose f : X — Risacontinuous map (where R has the usual topology). Show that f is constant
outside a countable subset of (0, 1).

Hint : Note that

and look at f~1(f(0)).

21.2 Completely regular space

Definition 21.4: (Completely regular space)

A space X is called a completely regular space if given any closed set A C X and a pointz € X \ A4,
there exists a continuous function f : X — [0, 1] such that f(z) = 0and f(A) = 1.

Remark 21.5:

It is immediate that a completely regular space is regular.

Definition 21.6: (T3%-space)

A space X is called a T:%—space (or a Tychonoff space) if it is completely regular, and 7j,.

Remark 21.7:

It is immediate that a T31-space is completely T5, and hence, T51. Also, T31 = T3 is clear as well.
Moreover, one can check that a completely regular space is T3% if and only if itis 75,. Thus, one can define
T3%—space as a completely regular, Hausdorff space.

Assignment 21.8: (Zero-dimensional space is completely regular) 3+4+4+4=15

A space X is called zero-dimensional if it admits a basis of clopen sets (i.e, both open and closed sets).

a) Show that a zero-dimensional space is completely regular.

b) Show that [0, Q] = S, is zero-dimensional. (Hint : if &« = 3 + 1 for some 3, then (8, 8 4 2) = {a}
is clopen. What if there is no such 3?).

c) Show that arbitrary product of zero-dimensional spaces is again zero-dimensional.

d) Conclude that the Tychonoff plank is a Tychonoff space.
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Proposition 21.9: (Metrizable = Tychonoff)

Metrizable spaces are Tychonoff.

Proof : Say (X, d) is a metric space. Let A C X be closed, and p € X \ A be a point. Consider the map

d(p, )

X.
dpo)+dAz) S

f() =

It is easy to see that f : X — R is continuous, and f(p) =0, f(A) = 1. Thus, X is completely regular,
and hence, Tychonoff. O

Proposition 21.10: (75 + Tg% : Tychonoff corkscrew)

The Tychonoff corkscrew X is T3 but not 731.

Proof : We have seen that X is T}; but not completely 7T5. Since T3% implies completely T, it follows that
X'isnot T31. O

Proposition 21.11: (Completely T., + T3% : Half-disc topology)

The half-disc topology X is a completely 7;, space, which is not T3%.

Proof : We have seen X is completely 75 (as it was submetrizable), but not regular (in fact not even
semiregular). Hence, X cannot be T3%. O

Assignment 21.12: (Thomas corkscrew) 104+ (5+5) =20

The Thomas plank is defined as the product [0,1) x ({0} U {1 | n > 1}), where [0, 1) is the fort space
onthereals,and K = {0} U {% | n > 1} has the subspace topology from R (equivalently, K is the Fort
space of N). The deleted Thomas plank is defined by deleting the point {(0,0)} from the Thomas plank.

Construct the Thomas corkscrew : take four copies of the deleted Thomas plank to make a coordinate
plane (by reflecting them as necessary), add two special points {ai } and finally, perform the corkscrew
construction.

Show that the Thomas corkscrew is 75, but not T3%.

Quiz 21.13: (Telophase topology) 3+4+3=10

Consider the space X = [0, 1] U {1*}, where 1* is a separate point. Consider the collection
B:={U C [0,1] | U is open in the usual topology} U {(a,1) U{1*} | 0 <a < 1}.

a) Show that B is a basis for a topology on X, called the telophase topology.

b) On [—1, 1] define an equivalence relation, : = ~ y if and only if
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=y, or —1<z,y<land z = —y.

Show that the quotient space [—1, 1]/, is homeomorphic to the telophase topology.

c) Give an example of two compact sets in the telophase topology, whose intersection is not compact.

s N

Quiz 21.14: (Minimal Hausdorff topology) 5

Given aset X, atopology 7 on X is said to be minimal Hausdorff if for any other strictly coarser topology
S C T on X, we have § is not Hausdorff. Show that any compact Hausdorff space has a minimal
Hausdorff topology.

Quiz 21.15: (Minimal Hausdorff topology is not compact) 3+3+4+5=15

Denote K = {0} U {£2 | n > 1} C R, and consider the space Y = K x N, with the usual topology,
where N = {1,2,...}. Denote X =Y U {a,,a_}, where a are two new points. Topologize X by
declaring the basic open sets for o as follows:

* For o, the basic open neighborhoods are

1
Uk:z{aJr}U{ﬁ|n21}x{n€N|n>k}, k> 0.

* For o._ the basic open neighborhoods are

%::{a_}u{—l|n21}x{neN|n>k} k>0,
n

Denote the generated topology on X by 7.
a) Show that X'is T, but not T,;.
b) Show that X is semiregular, but not regular.
c) Show that X is not compact.

d) Show that 7 is a minimal Hausdorff topology on X.
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Day 22 : 29" October, 2025

normal space — Urysohn’s lemma

22.1 Normal space

Assignment 22.1: 8+2=10

Let X, be a collection of spaces, and X = [] X, is the product space. Show that X is completely regular
if and only if each X, is completely regular. Conclude that X is Tychonoff if and only if each X is
Tychonoff.

Definition 22.2: (Normal space)

A space X is called a normal space if given any two disjoint closed sets A, B C X, there exists disjoint
open sets separating them, i.e, there are opensets U,V C X suchthat AC U, BC VandUNV =g

Remark 22.3: (Normal + Regular)

Consider the space X = {—1,0, 1}, with the topology 7 = {&, X, {—1}, {1}, {—1,1}}. This space is
the excluded point topology on the three point set. It is easy to see that X is normal, since there are no
disjoint nonempty closed sets! Indeed, the closed sets are {&, X, {0}, {0,1},{0,—1}}. Now, consider
A ={0,1} and the point x = —1 € X \ A. If possible, suppose f : X — [0,1] is a continuous map,
with f(z) = 0 and f(A) = 1. But then, A = f~*(3, 1] must be open, a contradiction. Thus, X is not
completely regular. In fact, X is not regular either : 1 € {—1, 1}, but {1} = X, which implies that we
can not find any open U such that 1 € U Cc U C {—1,1}.

Proposition 22.4: (Normality by closed neighborhood)

X is normal if and only if given any closed set A and an open set U C X, with A C U, there exists an
opensetV C Xsuchthat ACV cV CU.

Proof : Suppose X is normal. Let A C X be closed and U C X be open, with A C U. Then, B = X \
U is a closed set, disjoint from A. We have open sets P,Q C X suchthat AC P,BC Qand PNQ =
&. Note that

PCX\Q=PCcX\Q=X\QCX\B=U.
Thatis, wehave AC PC P C U.

Conversely, suppose for any closed A and open U, with A C U, we have some open V such that A C
V CcV CU. Let A, B be disjoint closed sets. Then, A C X \ B, which is open. Get open set U such
that AC U C U C X \ B.Letustake V := X \ U, whichisopen.Then,U C X\ B= B C X\ U =
V.Clearly, UNV cUNV =@ = UNV = @&. Thus, X is a normal space. O
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Exercise 22.5: (Normality is equivalent to separation by closed neighborhoods)

Check that a space X is normal if and only if for any closed sets A, B C X with A N B, there are closed
sets P,(Q C Xsuchthat ACPCP,BCQCQandPNQ =g.

Theorem 22.6: (Urysohn’s Lemma)

A space X is normal if and only if given disjoint closed sets A, B C X, there exists a continuous function
f:X —[0,1] such that f(A) =0and f(B) = 1.

Proof : Let X be a normal space. Fix two closed sets A, B C X with AN B = &.

Step 1: Let us consider the dyadic rationals D = {Z* | m,n > 0, m odd} N (0, 1) in [0, 1]. For each
r € D, using the normality, we shall inductively construct an open set U, C X and a closed V. C X,
satisfying the following.

i) AcU.and V. C X\ Bforallr € D.
i) U. C V. forallr € D.
iii) V. C U; wheneverr < sin D.

Here are the first few steps of the induction.

C
U1y - Vigy
Vizy C Uiy C Viyy C Uiz

Let us describe this formally. We induct over n > 1 where n appears as the exponent of 2 in 2% € D,

where 1 < m < 2%t are odd numbers. For notational convenience, let us denote U =B¢andV; = A.
Base case n = 1 : We just have one value % in this case. Since A C B¢, by normality, we have an
open set Uy and a closed set V1 = @ such that A C Uy C Vi.

Inductive assumption n = k : Suppose, we for some k > 1, we have constructed the open and
closed sets for all % € Dwithl < k.

Inductionstepnn = k + 1 :We need to get the sets labeled by {2,3“ ) Ty ey 2’;151 } But these

appear in the middle of two sets already defined. As an example, forany 1 < m = 21 + 1 < 2F+1,

we already have defined V-1 = Vi C Uwn = Um+1 (after reducing the fractions QL,C
2k+1 2k ok ok+1

needed, and noting, V[, = A, U; = B are the edge cases). Using normality, we get open and closed

sets satisfying V% CUm CVm CU
2

2k+1 ok+1 2k

and 2% as

m__.
+1

Since every dyadic rational appears like this, we can construct the collection {U,., V. with the desired

properties.

}’I‘GD

Step 2: Let us now define a function f : X — [0, 1] as follows.

a) Set f(z) =1ifz ¢ U, forallr € D.
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b) For any other z, define
f(z)=inf{re D |z e U,}.

In particular, since A C U, for all r, we see that f(z) = 0 for x € A. Similarly,as U, C V. C X\ B =
B C X\ U, forall r, we see that f(z) = 1 forz € B.Thus, f satisfies the desired properties. We need
to show that f is continuous.

Step 3: Let us prove the continuity of the function defined in the previous step. We consider three cases.

a) Suppose f(z) = 0. If possible, suppose = ¢ UT0 for some r, € D. Then, for any r € D with 0 <
r <y, wemusthavez ¢ U,,aswehave U, C V. C U, .Butthismeans f(z) =inf{r € D | z €
U.} > ry, >0, a contradiction. Thus, f(z) =0 = z € U, for all » € D. Now, for any open set
[0,e) C [0,1], we havesomer € DN (0,¢).Then, foranyy € U,, we have f(z) < r < ¢.In other
words, z € U, C f71[0,¢). Thus, f is continuous at x whenever f(z) = 0.

b) Suppose f(x) = 1. If possible, suppose = € Vr0 for some r, € D. But then, x € U, for any r €
D with ry, < r, and hence, f(xz) <7, < 1, a contradiction. Thus, we have f(z) =1=x ¢ V.
for all r € D. Now, for any open set (1 —¢, 1] C [0, 1], we have some s € Dwith1 —e < s < 1.
Consider the openset W = X \ V.. Clearly, z € W.Then, foranyr < sin D,wehaveU, C V. C
U, C V. Thus, it follows thatforanyy ¢ V, = y ¢ U, we have f(y) > r > 1 — €. In other words,

r €W C f1(1—¢g,1]. Thus, fis continuous at x whenever f(z) = 1.

c) Finally, suppose 0 < f(x) < 1.Set ¢ := f(z), and getan openset (§ —e,d +¢) C (0,1) C [0, 1].
Next, get 7,7, € D satisfying 6 —e <1 < <ry < d+¢. Since D is dense in (0, 1), this is
always possible. Consider the openset W = U, \'V, .Notethat f(z) =6 <ry = z € U, _.Also,
forany r € D withry <r <d,wehave V. CU.. Thus,z€V, =yel,.= f(y) <r<4,a

contradiction. Thus, z € W. Now, for any r < ry, we have U, C V; , and thus,y € W = f(y) >

r1-Also,y € W C U, = f(y) <ry. Thus, forany y € W we have f(y) € [ry,75] C (6 —€,0 +

g). In other words, z € W C f~1(6 — ¢, + €). Thus, f is continuous at z whenever 0 < f(z) <

1.

Hence, we have proved that f : X — [0, 1] is a continuous map. This concludes the theorem. O

Remark 22.7: (Onion Lemma!)

The construction in Uryshon’s lemma has a resemblance of peeling an onion layer by layer: the space
X is the onion, and any U,. \ V, for s < r behaves like a layer. The function constructed in the lemma is
called the Urysohn’s function (for the sets A, B).

111



Day 23 : 30" October, 2025

T,-space — completely normal space — T;-space — perfectly normal space — T;-space

23.1 T, -space

Definition 23.1: (7};-space)

A space X is called a 7);-space if it is normal and Tj.

Remark 23.2: (Normal + T}, is not T})

As normal spaces are regular, T, = T5. The excluded point topology on the three point set is normal,
but not even T (and hence, not 15, T}, T, either).

Assignment 23.3: (Closed continuous image of normal is normal) 8+2=10

Let f: X — Y be closed, continuous, surjective map. If X is normal, show that Y is normal. Conclude
that closed continuous image of a T);-space is again 1.

Proposition 23.4: (T, = T3%)

Any T}, space X is also a Tsé.

Proof : Let A C X be a closed set, and z € X \ A. Since X is T}, we have {z} is closed as well. Since
X is normal, by Urysohn’s lemma, there is a continuous function f : X — [0, 1] such that f(z) = 0 and
f(A) = 1. But this means that X is completely regular. As X is T;,, we have X is T3%. O

Proposition 23.5: (Compact +T;, = T)

A compact T;, space X is T}.

Proof : Let A, B C X be disjoint closed sets. Fix some a € A. Then, for each b € B, there are open sets
Uy ps Vapsuchthata € U, ,,b € V, yand U, , NV, ;. Since Bis cIosed ina compact space, Bis compact.

Thus, the cover B C U V,» has finite subcover B C V, : U | Then U, : ﬂ Uy, is an
open set, witha € U,,. CIearIy, U, NV, = &. Now, we have a coverA C U » Which agaln admits a
finite subcover A C U := U U, . We have an open set V' := ﬂ Va,: CIearIy, BCcVandUNV =
&. Thus, we have that X is normal Since X is T, we get X is T},. a
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Proposition 23.6: (Metrizable = T})

Metrizable spaces are T}.

Proof : Fix a metric space (X,d). Let A, B C X be disjoint closed sets. For each a € A, fix r, :=
3d(a, B) > 0, and for each b € B, fix s, := £d(b, A). Consider the open sets

U:= ] Byla,r,), V=[] Bylb,sy).

a€cA beB
Clearly, A C U and B C V. If possible, suppose z € U N V. Then, for some a € A and b € B, we have
d(a,z) <r,, d(b, z) < sp.
Without loss of generality, assume s, < r,. Then,
3r, =d(a,B) <d(a,b) <d(a,z) +d(2,b) <r,+s, <r, +1, =2r,,

a contradiction. Thus, U NV = &. Hence, X is normal. As X is T, we have X is T}. O

Proposition 23.7: (T3% + T}, : Deleted Tychonoff plank)

The deleted Tychonoff plank X := [0, Q] x [0,w] \ {(Q,w)}isa T, space, which is not T}

Proof : Recall that the ordinal spaces [0, ©2] and [0, w| are compact, 75, and hence, so is their product 7' =
[0, ©2] X [0, w]. Thus, the Tychonoff plane T is T, and in particular, T3%- Since being completely regular
is hereditary (Check!), the subspace X C T'is T3%.

Let us show that X is not normal. Consider the sets A = [0, Q) x {w} and B = {Q} x [0,w), which are
closed in the subspace topology of X. If possible, suppose there are open sets U,V C X suchthat A C
U,BCVandU NV = &.Then, for each 0 < n < w, there is some 0 < «,, <  such that (o, 2] x
{n} C B.Now {a,,} C [0,Q)isa countable set, and hence, there is an upper bound 3 € [0,9). Then,
we have the (open) sgt

B x 0w = | BAx{rtc | (0, x{n}cV.
0<n<w 0<n<w
Now, the basic open sets of (8 + 1,w) € A are of the form (v, d) x (n,w), where 5+ 1 € (v,9) C
[0, £2) is an open interval. In particular, any open neighborhood of (3 + 1, w) will contain the set {5 +
1} x [n,w) for some n large. Consequently, any open set containing (b + 1,w) (and in particular, the
open set U) will intersect the set V. This is a contradiction to U NV = &. Thus, X is not normal, and
hence, not 7. O
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Remark 23.8: (Separation axioms implications)

Let us summarize all the observations about separation axioms so far.

CITT T T Tt ) ' Separatin a: CoTTT T T T Ty \
: Separating  two ! : oliont agnd 5 : : TQ% : Separating :
. closed sets by . = . . two points by |
| . | SS====zZ=====p> 1| closed set by | cs=—===—zZ==—=z==> ) !
+ closed neighbor- +1; : i : +T ' closed neighbor-
: . . closed neighbor-. : 'S
. hoods ; | . i hoods .
VNN NN ’ ] hoods : N .
S w
[
O
QL 5
S <
o
________________ o
[T TTm e , +T; ' Regular: Separat- ! +T CATTTTU T \
1 Normal: Separat_l :::::::%::::} : . g . p ::::::::9::::} i TZ: Separating ! >
- : . ing a point and ; : . : s
. ing two closed . . ) . two points by | z
. . ra closed set by . . ' &
t sets by open' : ) : ' open neighbor- <
: ) TTychonoff Corkscrew: Open  neighbor-., Arens square | : 3
. neighborhoods ¢ . x x . hoods .
’ | hoods ;
S o
< 2
S5
= O
. Completely Nor- . .
' : . : p y ) : ::::::i_’:::::> 1 COmpletely T2 )
« Separating  two ! . mal: Separating | +1, ; ; =
: ) . . . . Separating  two ,
. closed sets by, ======z-====>13 point and a: . .
! . ' +T) : : ' points by func-:
] functions : . closed set by, : . :
---------------- i . < . tions .
'. functions 'Half-disc Topology ==~~~ ~------==-~ ’

________________

23.2 Completely normal and 7;-spaces

Definition 23.9: (Completely normal space)

A normal space is called a completely normal space (or hereditarily normal space) if every subspace is
again a normal space.

Proposition 23.10:

Given a space X, the following are equivalent.

a) X is completely normal.
b) Every open subset of X is normal.

c) Given any two subsets A, B C X, with AN B = @& = AN B, there are opensets U, V C X such
that ACU,BCVandUNV = g.

Proof : Suppose X is completely normal. Then, clearly any open set of X is again normal. Conversely,
suppose every open set of X is normal. Let Y C X be arbitrary subspace, and let A, B C Y be closed
sets with AN B = &. Notethat A = AY =Y N Aand B = BY =Y N B. Consider the open set W =
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X \ AN B, whichis normal. Now, Y N (ZHE) = <YﬂZ) N (Yﬂ?) =ANB=@.Thus,Y C W.
Now, we have the closed sets C = ANW and D = BN W in the subspace W. Then, there are open
sets U,V C W (which are also open in X as W is open), suchthat C CU,DCVand UNV = .
Then, we have

A=ANY CANWCU,B=BNYCBNWCV.

SetU’ =UNY,V' =V NY, which are open in Y, and clearly disjoint. Also, A C U’, B C V’. Thus,
Y is normal. Since Y was arbitrary, we have X is completely normal.

Next, let us assume X is completely normal. Let A, B C X be arbitrary, with AN B =& = AN B.
Consider W = X \ AN B. Then, W is normal. Also, ANB=g = Ac X\ BC W, and similarly,
B C W. Consider C = W N Aand D = W N B, which are closed in W. Notethat CND =W N AN
B = &. Then, there are open sets U,V C W (which are open in X, as W is open), such that C C
U,DcVandUNV =g.Clearlyy AC C Cc U,B C D C V. Conversely, suppose given any two sets
A BcC XwithANB =@ = AN B,wehaveopensetsU,V C Xsuchthat ACU,BCV,UNV =
. Let us show that X is completely normal. Fix some subspace Y C X, and closed sets A, B C Y with
ANB=g.Then, A=Y NA,B=YNB.Now ANB=A4AN(BNY)=(ANY)NB=ANB=
&, and similarly, AN B = &. Then, there are open sets U,V C X suchthat AC U,BC Vand U N
V = &. But then, consider U' =Y NU,V’' =Y NV, which are openinY.Clearly, ACY’,BCV’
and U’ NV’ = &. Thus, Y is normal. Since Y was arbitrary, we have X is completely normal. O

Definition 23.11: (T}-space)

A completely normal, T} space is called a 75 -space.

Remark 23.12: (T, # T;: Tychonoff plank)

Clearly Ty = T,. But the Tychonoff plank is a T;-space, which is not T, since the (open) subspace
deleted Tychonoff plank is not normal.

~

Theorem 23.13: (Order topology = T5)

Any order topology is 7.

Proof : Let (X, <) be a totally ordered space, equipped with the order topology. Clearly X is T,,. Without
loss of generality, assume that | X| > 2, so that even if X has end-points, they are distinct.

Let A, B C X be arbitrary sets, with AN B =@ = AN B.

Step 1: Consider the set Y = X \ (AU B). OnY, let us define an equivalence relation : z ~ y if and
only if the closed interval

[min{z,y}, max{z,y}] ;= {z € X |min{z,y} < z < max{z,y}}

is contained in Y. Then, the equivalence classes represent the largest connected intervals in Y. By axiom
of choice, let us choose a representative, say, f(C) from each of the class C.
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Step 2: For each a € A, which is not the right end-point of X (if it exists at all), let us define a < g, as
follows.

a) If a has an immediate successor in X, choose that to be ¢, .

b) If a has no immediate successor, then for any a < x, we have [a, x) contains a point of X. That is,
a is then a right accumulation point. We consider two possibilities.

i) Suppose a is a right accumulation point of A. Choose any ¢, € A such that a < g, and
(a,q,) N B = @. This is possible since AN B = &.

ii) Suppose a is a right accumulation point of X, but not of A. In this case, consider Z := {z €
AU B | z > z}.Since AN B = &, we have some interval [z, a) N Z = @. Consequently, it
follows that z is least upper bound of a unique component, say, C' of Y. Let us take g, to be
the chosen point f(C).

Observe that [a, q,,) is always disjoint from B. Similarly, for each a € A, which is not the left end-point
of X, we choose p, < a as follows.

a) If a has an immediate predecessor in X, choose that to be p,,.

b) If a has no immediate predecessor in X, then a is a left accumulation point. We consider two
possibilities.

i) If a is an accumulation point of A, choose p, < a such that (p,,a) N B = &.

ii) If a is not an accumulation point of A, then as argued earlier, a is greatest lower bound of a
unique component, say, C of Y. Take p, to be the chosen point f(C).

Note that a point a € A cannot be simultaneous both the end-points, since | X| > 2. Reversing the role
of A and B, for each b € B, we choose p, < b < g, accordingly as well. Finally, for any z € AU B, let
us define the interval

Ix:(pwqm) or, (pwx]a or, [.’E,qm),

as necessary. Clearly, for a € A, we have I, is an open neighborhood of a, disjoint from B. Similarly, for
b € B, we have [, is an open neighborhood of b, disjoint from A.

Step 3: Say, a € A and b € B are fixed. Without loss of generality, assume a < b. Let us show that I, N
I, = &. Suppose not. Then, I, N I, = (py, q,) F &, and in particular, p, < g,. Clearly b ¢ I, as I, N
B = @&, and similarly, a ¢ I,. Thus, it follows that a < p, and g, < b. Now, if g, was the immediate
successor of a, then, I, N I, = (p,, q,) = @. Thus, a must be defined by the other two cases (in partic-
ular, a is a right accumulation point). By the same argument, p, is not the immediate predecessor of b,
and consequently b is a left accumulation point. Now p, ¢ B, as otherwise I, N B # &, and similarly,
q, & A.Thus, by previous step, p, is not an accumulation point of B and g, is not an accumulation point
of A. Hence, there are components C;, C, C Y such that (a,q,) C C; and (p,,b) C C,, where q, =
f(Cy) and p, = f(C;). Now,

@d+I,N1L = (a,q,) N(py,b) CC;NGC,.

Since C}, C, are equivalence classes, the only possibility is C; = C,, whence, g, = f(C)) = f(Cy) =
py- But then, I, N [, = &, a contradiction.

Step 4: As a final step, consider the open sets

Ue=\J1, V=J1.

a€A beB
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Clearlyy, AC U, B C V. Moreover, U NV = & by the previous step. Thus, X is perfectly normal. In
particular, any linearly ordered space is Tj. O

Corollary 23.14: (Ordinal spaces are Ty)

Every ordinal space is T5. In particular, [0, w], [0, 2], [0, 2) are all T;.

Remark 23.15: (LOTS)

A totally ordered space (X, <) equipped with the order topology is also known as LOTS, i.e, linearly
ordered topological space. A subspace of a LOTS is known as a GO-space, i.e, generalized order space.
The above theorem essentially proves that a GO-space is 7.

Note that the subspace topology of a GO-space may be strictly finer than the induced order topology
from the restriction of the total order! As an example, consider A = {0} U (1, 2] as a subspace of R,
which is a LOTS. In the subspace topology of A, {0} is open, but it is not open in the induced order
topology. On the other hand, A is homeomorphic to (1,2] U {3}, which is clearly a LOTS. Thus, A is
actually a LOTS, but under a different order.

Quiz 23.16: (Wheel without hub) 44+3+3+54+10=25

Consider the punctured closed disc X = {(z,y) | #2 + y? <1} \ {(0,0)}. Let T be the topology on X
consisting of the usual topology (induced from R?), along with all the open intervals along all the radial
lines contained in the open punctured disc. This space is called the wheel without the hub.

a) Show that circumference circle S C X, and any open radial line is path connected.
b) Conclude that X is path connected.

c) Foranyz € X, show that X \ {z} is disconnected.

d) Show that the topology 7 is not induced by a total order on X (i.e, it is not a LOTS).

Hint : Pick three points a,b,c € S with a < b < ¢. Now, (a, ¢) is a non-empty open neigh-
borhood of b, which cannot be contained in S, as .S does not contain any open neighborhood.
Get some x from the interior witha < < c. Butthen A={t€ S|t <z}and B= {t €
S | x < t} is a separation of S.

e) Show that X is metrizable.

23.3 Perfectly normal and 1;-spaces

Definition 23.17: (Perfectly normal space)
A space X is called a perfectly normal space if given closed sets A, B C X with AN B = &, there is a

continuous function f : X — [0, 1] such that f~1(0) = A and f~1(1) = B. That s, a function precisely
separates any two disjoint closed sets.
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Theorem 23.18: (Vedenissoff’s theorems)

Given a space X, the following are equivalent.

a) X is perfectly normal.

b) X is normal, and every closed set of C' can be written as a countable intersection of open sets (i.e,
X is a Gs-space).

c) Every closed set A C X is the zero set of a continuous function, i.e, there is a continuous function
f: X — Rsuchthat A = f~1(0).

Proof : Suppose X is perfectly normal. Then clearly X is normal, as functional separation leads to
separation by open neighborhoods. Let C C X be an arbitrary closed set. We show that C' is a Gj-set,
i.e, countable intersection of open sets of X. We have a continuous function f : X — [0, 1] such that
f71(0) = C'and f7'(1) = &. Then, we have open sets U, := [0, ;). Clearly, C = _ U,. Thus,
X is anormal, Gs-space.

Next, suppose X is a normal, Gs-space. Let A C X be a closed set. Then, A = ﬂn>1 U,, for some open
sets U,, C X. Without loss of generality, we can assume that U, ; C U,, for eachn > 1. Now, for each
n > 1, we have disjoint closed sets A and B,, := X \ U,,. Then, as X is normal, by Urysohn’s lemma we
have a continuous map f,, : X — [0, 1] such that f,,(A) = {0} and f,,(B,,) = {1}. Consider a function
f: X — [0,1] defined by

f@) =Y J;jfl), z € X.

n>1

It follows that f is continuous. Clearly, f(A) = 0. Suppose = ¢ A. Then, = ¢ UnO for some n. So, x €
B, C B, foralln > ng, and hence, f,(z) = 1forn > 1. We have

fol®) _ 1 _ 1 . _ !
f(x>2ZW—Z2n+1—2n0+1(1+§+2_2+'")—2n0>0-

n>ng n>ng

Hence, f~1(0) = A. As A was arbitrary closed set, this proves c).

Finally, suppose every closed set is the 0-set of some continuous function. Let A, B C X be closed set
with AN B = @. We have f,g: X — R such that f~}(0) = Aand g7 1(0) = B. As AN B = &, we
have f + g is nonvanishing. Consider the continuous function h = %. Clearly, h : X — [0, 1]. Also,
h(z) =0« f(z) =0z €A, and h(z) =1< f(z) = f(z) + g(z) & g(z) =0< z € B. Thus,
h~1(0) = Aand h~1(1) = B. Hence, X is perfectly normal. O

Proposition 23.19: (T = T5)

Any subspace of a perfectly normal space is again perfectly normal. Consequently, a perfectly normal
space is completely normal.

Proof : Let X be a perfectly normal space. Say, Y C X is arbitrary subset, and A C Y be closed. Then,
A =Y N A.We have a continuous function such that A = f~1(0). Then, the restriction g := f|y is again
continuous, and clearly, g7 1(0) = f71(0)NY = ANY = A. Thus, Y is perfectly normal, and hence,
normal. In particular, X is completely normal. O
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Definition 23.20: (7-space)

A space is called a Tj-space if it is perfectly normal, and 7T} .

Proposition 23.21: (Metrizable = T)

Any metrizable space is Tj.

Proof : Fix a metric d on X. Given any closed sets A, B C X with A N B = &, we have the continuous
map

d(z, A)
= X.
1@ = e +rdm B °°
Then, f~1(0) = A and f~1(B). Clearly X is T}, (and hence, T}). Thus, X is Tg. O
Quiz 23.22: (Connected LOTS has LUB) 10

Let (X, <) be a totally ordered space, with the induced order topology. Suppose X is connected. Show

that X hasthe least upper bound property, i.e, show that any nonempty set A C X with an upper bound
has a least upper bound in X.

Hint : Consider the sets

U:={re€X|3Jac Asuchthat x <a}, V:i={zxe X |3Jye X\U such that y < z}.

Assignment 23.23: (Connected LOTS is uncountable) 5

Let (X, <) be a totally ordered space, with the induced order topology. Suppose X is connected, and
| X| > 2. Show that X cannot be countable.

Quiz 23.24: (Sorgenfrey line is T) 8+2=10

Consider the space X = R x {0, 1} with the dictionary order.

a) Show thatthe subspaceY = R x {1} C X ishomeomorphic to the Sorgenfrey line R, (i.e, R with
the lower limit topology).

b) Conclude that R, is 7.

Assignment 23.25: (Jones’ lemma) 10

Suppose X has a dense subspace Q C X, and closed discrete subspace Z C X, with 2/9! < 2I2| (equiv-
alently, |P(Q)| < |P(Z)]). Prove that X is not normal.

r
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Hint : Suppose X is normal. Given any subspace S C Z, try to separate S and Z \ S by open sets
S CcUg,Z\ S C Vg. Argue that S = Ug N @ is an injective map. This implies |P(Z)| < |P(Q)],
a contradiction.

Assignment 23.26: (Sorgenfrey plane is T3% but not T) 5+5=10

Show that the Sorgenfrey plane (i.e, the product space X = R, x R)) is T3% but not 7},.

Hint : Try to show that the Sorgenfrey plane (or the line) is zero-dimensional (i.e, admits a basis
of clopen sets), is separable, and the diagonal {(z,—=z) | z € R} C R, x R, is a closed discrete
subspace.

Assignment 23.27: (Moore-Nemytskii plane) 6+4=10

Consider H = {(z,y) €ER | y > 0} and L = {(z,0) € R? | € R}. For points of H, the usual open
neighborhoods from H forms a neighborhood basis. For a point (z,0) € L, a basic open neighborhood
is of the form {x} U D, where D C H is an open disc (in the usual sense), such that the closed disc D
(in R?) touches the line L tangentially at (x, 0).

(z,0) L
This space is called the Moore plane (or the Nemytskii plane).

a) Show that the Moore plane is T3%.

Hint : For any point p € H, consider a euclidean disc B centered at p. Define f: X —
[0,1] by setting f(p) =0, f(X \ B) = 1, and radially interpolating in between. For p € L,
consider basic open set U = {z} U D as above. Again, define f(p) =0, f(X \U) =1, and
interpolate via straight lines from the points on the circle to the point p. Check that f is
continuous. Conclude that X is completely regular.

b) Show that the Moore plane is not T),.

Hint : X is separable, and L is a closed discrete subspace.
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Quiz 23.28: (Filters and closed sets)

Given afilter F on aset X, a filter base is a sub collection B C F such that forany S € F, there is some
B € Fsuchthat B C S. Given afixed set A C X, we say F has a filter base on A if there is a filter base
B C F consisting of subsets of 4, i.e, B C P(A).

a) Show that any family of nonempty sets B C P(X) is a base for some filter if and only given any
By, ..., B, € Bthereissome B € Bsuchthat B C [, B;.

b) Given a space X, and a subset C' C X, show that the following are equivalent.

i) C'is closed.
ii) If Fis afilter on X with a base on C, and if F convergesto z € X, thenx € C.

Hint : Given z € C, observe that B={ONC | z € O(C)
section property.

X} has the finite inter-

open

c) Given aspace X, and a subset C' C X, show that the following are equivalent.
i) C'is compact.

ii) Every ultrafilter U/ on X with a base on C converges to some point z € C.

Hint : Any ultrafilter £ on C'is a base for an ultrafilter {{ on X. On the other hand, any
base B C P(X) of an ultrafilter U on X can also generate an ultrafilter &/ on C.

d) Suppose (X, +) isan Abelian topological group. Given a closed subset A C X and compact subset
B C X, show that A + B'is closed.
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Day 24 : 31t October, 2025

product of normal space

24.1 Separation axioms : More properties and counterexamples

Proposition 24.1: (T # Ty : The uncountable ordinal space Sq, = [0, Q])

The uncountable ordinal space [0, ] is a T5-space, which is not Tj.

Proof : Since [0, 2] is a linearly ordered space, we have [0, ] is T}. Let us show that it is not G;. Consider
{2}, which is closed. If possible, suppose {2} =[] _, O, for some open neighborhoods Q2 € O,, C
[0, ©2]. Then, there is some «,, € [0, 2) such that 2 € («,,, 2] C O,,. Since any countable collection of
[0, 2) is bounded above, we have some 5 € [0,2) such that 8 > «,, for all n > 1. But then, {Q} C

(8,Q] € ., Oy Thus, {Q} fails to be a Gs-set. Hence, [0, ©2] is not T. O

Remark 24.2:

It is fact that the first uncountable ordinal S, = [0,) is also not a Gys-space, and hence, is not a T-
space. Clearly, Sq,, being a linearly ordered space, is T;. Moreover, any ordinal space which is also a G
-space, is necessarily countable. Thus, all uncountable ordinal spaces are Ty but not 7.

Proposition 24.3: (Product of Ty is not T)

The product space X = [0,2) x [0, Q2] of two T spaces is not 7. In fact, the product is not even normal.
Thus, product of T, -spaces need not be 7}, either.

Proof : Since linearly ordered spaces are Ty, we have both [0, ) and [0, 2] are T;. Let us show that it
fails to be normal. Consider

A:=[0,Q) x{Q}, B:={(a,a)|acl0,Q)}.

Note that A is the intersection of the closed set [0,Q] x {Q} C [0,€] x [0,Q] with the subspace
[0,9) x [0, £2]. Similarly, Bis the intersection of the diagonal A = {(«, @) | a € [0, 2]}, which is closed
in [0, Q] x [0, 2] as the space [0, §2] is T;,, with the subspace X. Clearly, AN B = &. If possible, suppose
there are opensets U,V C Xsuchthat ACU,BCVandUNV = &.
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(an +27Cp 3)

(an+ 17an+2)

[0, w]

o, 2% +1 a, + 2 [07 Q)

Foreach0 < a < 2, considerany a < 8 < Q. If forall such 8, we have (o, §) € V, then the limit (a, 2)
will be a limit point of V. But this contradicts (a, 2) € Uand U NV = &. Thus, there is some a < 8 <
Qsuch that (o, B) ¢ V. Let B(«) be the least such element, which exists as [0, 2) is well-ordered. Let us
now construct a sequence {a,, } C [0, 2) as follows. Start with a; = 0. Then, set o, | ; = B(e,,) for all
n > 1. By construction, a; < a, < ....Let 8 € [0, ) be the least upper bound of the sequence, and we
have § = lim,, «,,. Then, lim,, (a,,, B(e,)) = lim, (o,,, @, 1) = (6,0) € B C V. But by construction,
(a,,, B(a,,)) ¢ V foralln > 1. This is a contradiction. Hence, A, B cannot be separated by open neigh-
borhoods. Thus, X is not normal, and hence, not 7. O

Proposition 24.4: (Image of Tgé need not be T3% )

Continuous image of a T3%-space need not be T3%.

Proof : Recall the deleted Tychonoff plank X = [0, Q] x [0, w] \ {(£2,w)}.In X, we have seen two closed
sets A = [0,Q) x {w} and B = {2} x [0,w), which are disjoint, but cannot be separated by open sets.
Consider the quotientmap ¢ : X — X /A.In X /A, observe that q(B) is a closed set, since ¢! (¢(B)) =
B is closed. Also, the point a; = ¢(A) is not in g(B). If possible, suppose there are open sets U,V C
X /A suchthatag e Uy ACVandUNV = @. Then, AC ¢ *(U), B C ¢ (V) are open sets such
thatq 1 (U)Nqg (V) = ¢ (UNV) = &.Thisis a contradiction. Hence, X / A is not even regular, and
in particular, not completely regular. O
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24.2 Urysohn’s metrization theorem

Proposition 24.5:

Let X be a completely regular space, and B be a fixed basis of X. Assume B is infinite. Then, there exists
a family F of continuous functions X — [0, 1], with |F| < |B|, such that given any closed A C X and
x € X \ A, there is a function f € F such that f(z) =0and f(A) = 1.

Proof : Given any pair of sets (U,V) € B x B, call it good if there is a continuous map f: X —
[0, 1] such that f(U) = 0 and f(X \ V) = 1. Denote by G the collection of good pairs. Clearly, |G| <
|B x B| = |B|. For each good pair (U, V) € G, choose a function f; y,, and denote the family F =
{fuv | (U, V) € B}. Again, | F| = |G| < |B]. We claim that F separates any closed set and a disjoint
point.

Let A C X be a closed set, and x € X \ A be a point. Get a basic openset V € Bsuchthatz € V C
X \ A. By complete regularity, there is a continuous map f : X — [0, 1] such that f(z) = 0and f(X \
V) =1.Now, z € ft [0, %) is an open neighborhood, so there is a basic open set U € B such thatx €
U C f7[0, 3). Construct the function g : X — [0, 1] by

Na}
—
N4
N—
I
—
o
i
~
—
NS
N—"
VA
N~ N[~

By pasting lemma, g is continuous. Moreover, g(U) = 0,g(X \ V) = 1. Thus, (U, V) € G is a good pair.
But then we have an fy; , € F. Clearly, f; \, separates x and 4, sincez € UandV C X\ A= AC
X\ V. O

Corollary 24.6:

Let X be a second countable, completely regular space. Then there is a countable collection F of
functions such that any closed set A C X and any point z € X \ A can be separated by some function
ferF.

Theorem 24.7: (Tychonoff embedding theorem)

Let X be a Tychonoff space (i.e, T3%), and B be a fixed basis. Then, X is homeomorphic to a subspace
of the cube C = [0, 1]/B!

Proof : Get a family F of functions, with |F| < |B|. We prove an embedding X < [0, 1]/, which is
sufficient. Indeed, we have amap § : X — [0, 1! defined by

wf(S(:c)):f(a:), ferF, x e X.
By the properties of the product topology, § is continuous. As the space X is T}, it follows that F
separates points, and consequently, § is injective. We show that § is open onto its image.

Let O C X be open, and y € F(O). Pick x € F~1(y) N O. Since F separates points and closed sets,
thereissome f € Fsuchthat f(z) = 0and f(X \ O) = 1. Consider W := 7r171([0, 1)), whichis openin
the cube. Moreover, W N F(X) C F(O). Indeed, for any z € Z, with §(z) € W, we must have f(z) #
1=2¢ X\O=2€0, and thus, F(z) € F(O). In particular, f(x) =0=y=F(z) e W=y €
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W NF(X) C F(0). As y was arbitrary, we have F(O) is open. But then § is a homeomorphism onto its
image. In particular, X can be identified as a subspace of [0, 1]|f|. If | F| < B, then one can canonically
see [0, 1] as a subspace of [0, 1]/Bl. This concludes the proof. O

Theorem 24.8: (Urysohn’s metrization theorem)

Any T, second countable space is metrizable.

Proof : Since X is second countable, it is Lindel"of. A regular, Lindel"of space is normal. Thus, X is T,
and hence, T3%. But then by the Tychonoff embedding theorem, X can be identified as a subspace of

[0, 1]“, where w = |N|. Now, [0, 1]* is a metric space (being the countable product of metric spaces).
Hence, X is a metric space. |

Assignment 24.9: (Regular + Lindel“of = Normal) 10

Suppose X a regular, Lindel"of space. Show that X is normal.

Hint : Get suitable countable covers A C UZ1 U,,and B C UZ1 V4, using regularity and Lindel"of.

Define U, =U, \U._ V.,V =V, \U,_, U, lustifythatU := JU,,V :=JV, is a separa-
tion by opens. - -

Assignment 24.10: (Regular + Hereditarily Lindel“of = Perfectly normal) 10

Suppose X is a regular, hereditarily Lindel"of space. Show that X is perfectly normal.

Hint : Show that given closed set C'is G by proving that U = X \ C'is F, (i.e, countable union of
closed sets).
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Day 25 : 5" November, 2025

Lebesgue number property — Tietze extension

25.1 Lebesgue number property

Definition 25.1: (Lebesgue number property)

A metric space (X, d) is said to have the Lebesgue number property if given any open cover {U,, }, there
is a number > 0 (known as the Lebesgue number of the covering) such that for any set A C X with
DiamA < 4, we have A C U, for some a.

Theorem 25.2: (Lebesgue number property and uniform continuity)

Let (X, d) be a metric space. Suppose every continuous map f : X — R is uniformly continuous. Then,
X has the Lebesgue number property

Proof : Suppose not. Then there exists an open cover U = {U,, } without a Lebesgue number. Conse-
quently, for eachn > 1, there is a point z,, such that theset A, = B, (a:n, %) is not contained in any of
theU, ,i.e, U, \ A, # @& forall a. Choose somey, € A, withy, # x,.Note that A, is not singleton,
otherwise A,, C U, for some «, and so, y,, can always be chosen.

Let us observe that {z,, } and {y,, } has no convergent subsequence. If possible, suppose z,, — . Then,
z € U, for some a. Now, there is some € > 0 such that z € B,(z, 2¢) C U,,. Since z,, — z, there
exists some N > 1 such that z,, € B,(z,e) C By(z,2¢e) C U, for all nj, > N. But then for some n,
sufficiently large, it follows from the triangle inequality that Ank C B,(X,2¢) C U, a contradiction.
On the other hand, if y,, — y, then itis clear that the subsequence z,, — y, which is a contradiction.
Thus, none of the sequences admit a convergent subsequence.

Next, we construct two disjoint closed sets from the two sequences. Set z,, = z,,y,, = y,. Clearly
{xnl} N {xnl} = @. Choose n, > n,,suchthatz, +#z, ,y,, # Y, and {mnl,x%} N {ynl,ynz}.
This is possible, since otherwise the sequence will have to be eventually constant. Inductively, assume
that we have constructed {:cnl, cey xnk} and {ynl, cey ynk}, which are disjoint sets of distinct points,
with n; <ny < ... <mny. Now, each of the points {z,, ,...,Z, , ¥y, , ...,ynk} can only repeat finitely
many times in {z,,} and in {y,,} (since otherwise there will be a convergent subsequence). Hence, we
can choose z,, ¥y,  attheinduction step, so that {:cnl, oy Ty }, {ynl, vy ynk+1} are disjoint set
of distinct points, with n,_ ; > n,.Set A := {xn} and B := {yni . By construction, AN B = &. Also,
A, B are closed, since there are no (sub)sequential limits, and thus, A, B contains all of their limit points
(which are none).

Now, (X, d) is a T,-space. Hence, there is a continuous function f : X — R with f(A) = 0and f(B) =
1. We claim that f is not uniformly continuous. Indeed, for ¢ = % fixed, consider any § > 0 small. We
must have some n;, with nik < 6. Now, d(xnk,ynk) < 6, but |f(xnk) — f(ynk)] =0-1=1>c¢.
This contradicts the hypothesis. Hence, X has the Lebesgue number property. O
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Exercise 25.3:

Show that a metric space X has the Lebesgue number property if and only for any metric space Y any
continuous map f : X — Y is uniformly continuous.

25.2 Tietze extension theorem

~

Theorem 25.4: (Tietze Extension Theorem)

A space X is normal if and only if given any closed set A C X and continuous map f : A — R, thereis
an extension f : X — R, i.e, there is a continuous map f : X — R such that f(a) = f(a) foralla € A.

Proof : Suppose X is normal. Firstly, let us consider amap f : A — [—1, 1]. Define

Av=={zeali@z3}=1[51] B={reaisw<—3}-r[13]

Clearly A,, B, are disjoint closed sets of A, and hence, closed in X. As X is normal, by the Urysohn’s

lemma, we have continuous function f; : X — [—3, g] such that

fl(Al) = %, f1(B1) = _%-

Now, for any x € A we have 3 cases.

a) z € Ay = fi(2) = 3, f(2) € [5,1] = |f(z) - fi(z )|§§
)

b) $€B1:>f1($):_§a LE € [_17 3]$|f ( |S%
C)376A\A1UB1:f1($)af(l’)€[_%a%]:Uc(l’)_ fi(@)] <3
In other words, we have a continuous map go=f—fi:A—> [ % %] We repeat the process for g,

instead of f. That is, we define A, := g;'[-2,—2] and B, := g7 * |

[ 2,2], such that f,(Ay) = 2, fo(B,) = —2. Clearly, |g; — f5| <
— fo=f—f, — fo, clearly, g, : A — [—5, 2]. Inductively, we de

, 2]. We get a function f, : X —
2)7 on points of A. Define, g, :=
fi

ne f,: X = [-2&, %], such

that

n 2 n
|f—Zfz| < (5) , on points of A .
i=1

Let us define F'(x) = Z;’Zl f;(z). Observe that for any fixed z € X, the series sum converges, since the
partial sums

> aE<> 2

i=1

are dominated by the geometric series. Moreover, for a € A we have,
n 2 n
-3 f@I<(3) 0= F@=fo.
i=1

In other words, F' extends f. Let us show that F'is continuous.
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Fix some x € X and ¢ > 0. Then, pick N > 1 such that > _ (%)n < £.Fori=1,..,N, using the
continuity of f;, pick open neighborhoods x € U; C X such that

&

ye U, = |f(y) — filz)] < ON

SetU = ﬂj\il U,, which is an open neighborhood of z. Then, for any y € U we have

< Z‘fz(y) — fi(@)| + Z'fz(y) — fi(z)]

=1 i>N

€ 2\°
N-— 19 2
<Voon T ;(3>

Consequently, F'is continuous at x € X. Since x was arbitrary, we have the continuous extension F' :
X = [-1,1)of f: A— [-1,1].

Now, let us consider the general case. If f: A — [a, b] was given, we can use any homeomorphism
[a,b] — [—1,1] and its inverse, to get an extension X — [a, b]. In case f : A — Ris given, we can use
a homeomorphism R — (—1, 1) to assume that the mapis f : A — (—1,1). Then, we end up with an
extension F, : X — [—1,1]. Consider the set Ay = {z € X | Fy(z) € {£1}} = F;"1({£1}), which is
clearly a closed set, disjoint from A. Then, by Urysohn’s lemma, we have continuous map ¢ : X — [0, 1]
such that ¢(A4,) = 0and p(A) = 1. Consider the function F' = @ K. Then, F'is continuous, and clearly,
F(a) = Fy(a) = f(a) for any a € A. Observe that F': X — (—1,1). This concludes one direction of
the proof.

Conversely, assume that given any closed A C X, and any continuous function f : A — R, there is a
continuous extension f : X — R. Let A, B C X be closed sets with A N B = &. Then, on the closed
set C = AU B consider the function f, : C — [0, 1] given by f,(a) =0 foralla € A, and f,(b) =1
for all b € B. Clearly it is continuous. Then, we have an extension f : X — R such that f(A) = 0and
f(B) = 1. By modifying the range of f, we can get the function X — [0, 1] as well. Thus, X is a normal
space. |

Exercise 25.5:

Assuming Tietze extension theorem, prove the Urysohn’s lemmal!
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Day 26 : 6" November, 2025

completely metrizable space — completion — G;-subspace of completely metrizable space

26.1 Completely metrizable space

Definition 26.1: (Cauchy sequence)

A sequence z,, in a metric space (X, d) is called a Cauchy sequence if given € > 0, there exists some
N = N_ > 1suchthatd(z,,z,,) < € foralln,m > N.

Definition 26.2: (Complete metric space)

A metric space (X, d) is called complete if every Cauchy sequence in (X, d) converges.

Exercise 26.3:

Given a metric space (X, d), we have a new metric d(z, y) = min{d(z,y), 1}, which is clearly bounded.
Show that (X, d) is complete if and only if (X,E) is complete.

Example 26.4:

R with the usual metric is complete, but X = (0, o) is not complete. Indeed, {%} is a Cauchy sequence
(with the usual distance metric), which does not converge. On the other hand, consider

1 1

Check that d is a complete metricon X, inducing the same topology. Indeed, if {z,, } is a Cauchy sequence
in this metric, then both {z,} and {wi} are Cauchy in R with the usual metric, which implies z,, —
¢ # 0 (as we must have -= — 1). Thus, (0, c0) is completely metrizable.

Assignment 26.5: (Sum of two metric) 24+34+5=10

Suppose d, d, are two metric on X, inducing the topologies 77, 75 respectively.

a) Check thatd = d; + d, is a metric on X. Denote the topology by 7.
b) Show that 7 is finer than 7; (and symmetrically, than 75).
c) If T, =T, showthat T =T, = T,.
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Example 26.6: (Q is not complete)

In Q, consider the following sequence

2
a:n—i—mn

, n>1.
2

:Ulzl, $n+1=

This sequence converges to v/2 in R, and hence, is a Cauchy sequence. Clearly, {z,,} C Q does not
converge. Thus, Q is not complete with the usual metric.

Definition 26.7: (Completely metrizable space)

A space X is called a completely metrizable space if there exists a complete metric d on X inducing the
topology.

Exercise 26.8:

Check that complete metrizability is a topological property. That is, check that if X is homeomorphic to
Y, and if Y is completely metrizable, then so is X.

Theorem 26.9: (Q is not completely metrizable)

A completely metrizable space, without any isolated point, is uncountable. Consequently, Q is not a
completely metrizable space.

Proof : Suppose (X, d) is a complete metric space, without isolated points. Choose two distinct point
Ty, T, € X. This is possible, as X has no isolated point. Get open balls U, U; of radius < 1 such that

T €Uy, ¢, €U, UyNT; = @.

This is possible as X is T5. Next, get more distinct points z,, o, € Uy \ {2y} and z,4, 21, € Uy \ {z}.
Again, this is possible since there are no isolated points. Get open neighborhoods of radius < %

Too € Upo C Ugo C Uy, o1 € Upy C Uy C Uy, x19 € Uyg € Uy C Uy, zqy € Uyy C Upy C U,
with
Uoo NUyy = & =Uyy NUy;.

Inductively continue getting points and open sets with disjoint closures. Thus, for any finite length word
s formed by {0, 1} we have a unique point z, contained in an open set U, of radius < ﬁ, where |s]| is
the length of the word. Note that this is a countable infinite collection of points (and open sets), since
the collection of all finite words formed by {0, 1} is countable infinite. Moreover, for two distinct words
s, t, if they are not sub-word of the other, then U, N U, = @. If s C t, then U, C U..

Let us now consider s to be an infinite word formed by {0, 1}. Denote s,, to be the initial word of s
of length n, and set z,, := z, . Let us check that {xsn} is Cauchy. Let € > 0 be given, and fix N > 1
such that % < 5. Observe that foranyn,m > N, we have z,,, z,,, € U, , and by construction, U, isa
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ball with radius < - = § < 5. Hence, d(z,,,z,,,) < € foralln,m > N.Thus, {z,} is Cauchy, which

converges to a point, which we denote by x, (where s is the infinite word).
Now, suppose s, t are two distinct infinite words of {0, 1}. Then, they differ at, say, the n'® position.

Butthen U, ~NU, = &.Thisimplies that z # x,. Consequently, for each infinite word, we have

unique point in X. Since the number of infinite words are uncountable (in fact, the cardinality is same
as R), it follows that X must be uncountable.

Since Q is a (metrizable) space without any isolated point, it cannot be completely metrizable. O

Assignment 26.10: (Uniform metric) 24+444=10

Suppose (X, d,,) is a collection of (nonempty) metric spaces. Denote the bounded metric d_, (z, y) =

o) o

min{d,(z,y),1} for z,y € X . On the product X = [[ X, consider
d(z,y) = sup{dy(Ts,¥0)}, = =(2,.), y=(ys) € X.

a) Check that d is a metric on X.
b) If each d, is complete, show that d is complete.

c) Conversely, if d is complete, show that each d, is complete.

The induced metric topology, known as the uniform topology, need not be the product topology, as we
have seen that the product space R[%:! is not even first countable, and hence, not metrizable.

26.2 Completion of a metric space

Definition 26.11: (Isometry)

A function f : (X,dy) — (Y, dy ) between two metric spaces is said to be an isometry if

dy (f(z), f(y)) = dx(z,y), Vz,yeX.

Assignment 26.12: (Isometry is embedding) 3+3+2+2=10

Let f: (X,dx) — (Y,dy ) be an isometry.
a) Show that f is an embedding, i.e, f is injective, continuous, and open onto the image. In other
words, f is a homeomorphism of X and the subspace f(X) C Y.
b) Show that f takes Cauchy sequence to Cauchy sequence.
c) Suppose f is surjective.

i) Show that the inverse f~1 : (Y, dy) — (X, dy) is an isometry, and hence, f is a homeo-
morphism.

ii) Show that dy is complete if and only if dy- is complete.
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Definition 26.13: (Completion of a metric space)

Given a metric space (X, dy ), a complete metric space (Y, dy-) is said to be a completion of X, if there
exists an isometry ¢ : X < Y such that the image ¢+(X) is densein Y.

Theorem 26.14: (Completion : Existence and uniqueness)

Every metric space admits a completion, which is unique up to an isometry.

Proof : Let us first prove the uniqueness. Suppose, we have two completions ¢ : X < Y and/ : X <
Y’. We have a well-defined continuous map

g=1i o1t (X) = /(X),

from a dense subset of Y to a dense subset of Y. Note that g is an isometry. Now, for any y € Y, get
a sequence y,, € ¢(X) such that y, — y. Then, {y,, } is a Cauchy sequence, and hence, so is {y,, :=
9(y,,)}. Since Y’ is complete, there is a point y’ € Y’ such that y;, — y’. Let us define f(y) = y’'. We
need to check that f is well-defined. Suppose {z,,} is another sequence converging to y. Denote, z, =
g(z,), and suppose z,, — z’ € Y’. Now,

dy/(y',2") = limdy (yp, z;,) = limdy (9(y,), 9(2,)) = lim dy (y,,, z,) = dy (y,y) = 0.

Thus, vy’ = 2/, proving that f is well-defined.

Vv v

V/(X) —— Y

Clearly f is surjective. Let us show that f is an isometry. Let y, z € Y be given. Suppose y,, — vy, z,, —

z, with {y,,.},{2z,} C «(X). Denote, y,, = 9(y,,), 2z, = 9(2,), and then, y;, =y = f(y), 2, = 2’ =
f(2). We have,

dy: (f(y), f(2)) = dy:(y', 2") = limdy (yp,, 2;,) = limdy (y,,, 2,,) = dy (y, 2)-

Now, let us consider h: Y’ — Y to be the isometry defined in the same way by using ¢ o (L/)_l
V(X) — o(X). Let us check that h = f~1. Itis clear that on points of ¢(X), we have ho f = (i’ ot 1) o
(L o (L/)_l) = Id. Now, forany y € Y we have y = lim y,, for some y,, € ¢(X). Then,

(ho f)(y) = h(f(limy,)) = limh(f(y,)) = limy, =y.
Thus, h o f = Idy.. Similarly, f o h = Idy.. Thus, we have Y = Y” up to an isometry.

Let us now actually prove that a completion exists! The construction is similar to how one constructs R
from Q. Denote C(X) to be the collection of all Cauchy sequences in X. Note that given two Cauchy
sequences {z,, }, {y,,}, we have {d(z,,,y,,)} is a Cauchy sequence in R, and hence, converges. Indeed,
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for any € > 0, we have Ny, N, > 1 such that d(z,,,z,,) < § for n,m > N, and d(y,,,v,,) < 5 for
n,m > N,.Set N = max{N;, N, }. Then, for any n,m > N we have

€ €

The first inequality follows from the triangle inequality and the symmetry! Now, define an equivalence
relation ~ on C(X) by

{z,} ~{y,} & limd(z,,y,) =0
Denote X* = C(X)/ ., to be the collection of equivalence classes. Define d* : X* x X* — X* by

d*([z,], ly,]) = limd(z,,, y,,).

Let us check that d* is well-defined. Let {«/, } and {y,, } be some other representative. Then, we have
4 4) — A, Y] < A, 7,) + A1) = 0, a8 1 = 0.

Hence, in the limit, we have limd(z,,, y,,) = limd(z,,,y;,). It is easy to see that d* is a metric on X*
(Check!). For any z € X, define ¢(x) to be the equivalence class of the constant sequence {z,, = z}. It
follows that ¢ : X < X* is an isometry (Check!).

Let us verify that «(X) is dense in X*. Let z* € X* is represented by some Cauchy sequence {z,,} C X.
Then, for any € > 0, there is some N > 1 such that d(z,,,z,,) < § foralln,m > N. Let z = z, and
consider the point ¢(z) formed by the constant sequence. Then,

d*(z*,u(z)) = limd(z,,,zy) < % <e.

Since € > 0 and z* is arbitrary, it follows that ¢(X) is dense in X*.

Finally, we check that d* is a complete metric. Let {z,, } be a Cauchy sequence in X*. For k > 1, there is
an N, > 1suchthat d(z,, z,,) < 1 foralln,m > N. For each N, we have some w,, € «(X) such that

d(wk, sz) < % Now, for any ¢ > 0, choose some NN such that % < % Then, for k,1 > N we have

—I—d*(le,wl) <S4i4ioc

d*(wkawl) < d*(wk’sz) + (d*<sz’le>) 3 3 3

<max{},1}
In other words, {w,} is a Cauchy sequence in ¢(X). Without loss of generality, assume that each w,
represented as a constant sequence w;, € X. Since ¢ is an isometry, it follows that {w,,} is a Cauchy
sequence in X, and hence, represents a point w* € X*. We claim that the subsequence {sz}
converges to w*. It is easy to see that w;, — w* (Check!). But then by construction, Zy, = w*. Since a
subsequence of the Cauchy sequence {z,,} converges to w*, the Cauchy sequence {z,, } also converges
to w*. Thus, X™ is a complete metric space. In particular, completion of a metric space exists, unique up
to isometry. O

Exercise 26.15:

Fill in the details of the proof of the previous theorem.
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Assignment 26.16: 10

Let A C (X, d) be a dense subset. Suppose every Cauchy sequence in (A, d| 4) converges in X, where
d| 4 is the restricted metric. Show that (X, d) is complete.

Exercise 26.17:

If X is a completely metrizable space, show that the completion X* is homeomorphic to X.

26.3 Subspace of a completely metrizable space

Theorem 26.18: (G;-subspace of a completely metrizable space)

A Gj subspace of a completely metrizable space is again completely metrizable.

Proof : Let (X, d) be a complete metric space. Fix an open set U C X. Then, we have a continuous
function
f:U— (0,00)
1

T @ XN

Since X \ U is closed, the distance never vanishes, and thus f is indeed continuous. Let us now define
p:UxU — (0,00) by

p(z,y) =d(z,y) + |f(z) — f(y)|, z,yeU

It is easy to see that p is a metric on U. Moreover, p induces the subspace topology on U.

Let us show that (U, p) is complete. Say, {x,, } is a Cauchy sequence in (U, p). Then, {z,, } is Cauchy in
(X, d) as well. Also, for any € > 0, there is some N > 1 such that for n > N we have

1 1

&l

Then, it follows that d(z,,, X \ U) is bounded away from 0. In other words, there is some § > 0 such that
{z,} C Xs:={xz € X |d(z,X\U)>6}CU.

Now, X is a closed subset, and hence, complete. Thus, we have z,, - x € X5 C U. Thus, (U, p) is a
complete metric space.

Next, consider a Gs-set G = ﬂ:ozl U,,, where U, C X is open. Now, U,, is completely metrizable, and
hence, so is the product U = Hzo:l U, . Insider U we have the diagonal,

Ay={zel |z, =ux; Vij}.

Note that A;; = A NU, where A is the diagonal in X = Hn>1 X.Since Aisclosedin X, it follows that
Ay is closed in U, and hence, completely metrizable. Now, the map

FiG— Ay

T+ (z,z,z,...)
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is clearly a continuous, bijection from G to A, with continuous inverse (given by any projection map).
Indeed, it is the restriction of the usual diagonal map X < X. Thus, G is homeomorphic to A, and
hence, G is completely metrizable. O

Example 26.19: (/rrationals are completely metrizable)

Since R\ Q = ﬂqu(R \ {¢}) is a Gjs-set in the complete metric space R, it follows that the set of
irrationals is a completely metrizable space.

Quiz 26.20: (Helly space)

Consider X = [0, 1][0’1], with the product topology. Elements of X can be thought of as (not necessarily
continuous) functions [0, 1] — [0, 1]. Denote the subspace

H:={f:[0,1] — [0,1] | f is nondecreasing}.

Thatis, f € Hifandonlyif 0 <z <y <1 = f(z) < f(y). The space H, with the subspace topology,
is known as the Helly space.

a) Show that H is T}.

Hint : Try to show that H is closed in X, and hence compact. Indeed, for f € X \ H,
we have some z < y such that f(y) < f(z). Get 0 < e < 2[f(z) — f(y)]. Consider U, =
{t||f(z)—t|<e},U, ={t||f(y) —t| <e}. Argue that W = n,*(U,) N7, ' (U,) is an
open neighborhood of f, disjoint from H.

b) Show that H is first countable.

Hint : Any f € H has countably many discontinuities! Denote Af to be the points of discon-
tinuities of £, along with all the rationalsin [0, 1]. Foreachn > 1,and a € Ay, consider Uy :=
7o H{t | | f(a) —t| < L}.Thisisa countable collection of open neighborhoods of f. Now, for
any sub-basic open set W = 7, '{t | |f(y) — t| < &} containing f, argue that there is some
Ugcw.

c) Conclude that each point of H is Gj.
d) Show that H is separable.

Hint : Consider D, = {2m 1<m< 2i}, which forms an increasing nested sequence of
finite sets, and whose union is the dyadic rationalsin [0, 1]. Denote Y; C X to be the collection
of continuous, piecewise linear functions in H, which takes rational values at points of D,, and
linearly interpolates in between. Thus, Y; is countable. Show that Y = UZ_>1 is dense in H.

e) Show that H is not second countable.
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Hint : For each 0 < z < 1, we have a function

0 t<z
ft) =4z t==x
1 t>«x.

Then, {fm}xe[o,l] is an uncountable discrete set in H.

f) Conclude that H is not metrizable, and neither is X.

g) Show that H is not 7.

Hint : Consider Y = H \ {f € H | f([0,1]) € {0,1}}, which is open in H. Then, the collec-
tion {f,} from before is still a discrete subspace of Y, which is closed in Y. Also, Y is
separable. Thus, Y is not normal.
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Day 27 : 7*" November, 2025

product of complete metric space — Lavrentieff’s theorem — completely metrizable and G;

27.1 Product of metric spaces

Proposition 27.1: (Metric on Product Topology)

Suppose (X}, d,) is a countable collection of metric spaces. Let X = H;’il X, be the product. Define

()

p,(a,b) := min{d,(a,b),1}, a,b € X,,, p(z,y) := Z W, z,y € X.
i—1

Then, p is a metric on X, inducing the product topology.

Proof : Since each p,, is a bounded metric, it follows that p is well-defined. The metric properties can
be checked easily. Let us show that the induced metric is the product topology. For some open U C X,
consider the sub-basic open set U = 7; 1 (U). Without loss of generality, assume U = B, (z;,1;). Fix
somey € U.Sete := w Consider the metric ball B, (y, €). Then, forany z € B, (y, €), we have
i, 2;) < i (T4, 4;) + 0 (Yis %)

< pi(@i,y:) + 2'p(y, 2)

< pi(m5,4;) + (ry — o245 9:)) = 74

=z, eU=zel.

Thus, Bp(y, €) C U. This proves that the metric topology is finer than the product topology.

1

Conversely, consider a metric ball B := B, (z,¢). Getsome N > 1 with 3~ < §. Consider the set

>N 2¢
N .
2'e
V = B = X.
11 i(x“zN> < ] %
i=1 >N
which is open in the product topology. Now, for any y € V' we have
[e9) N 2i
Pi(Tis Ys) 3N 1 e ¢
y - r— S n — < = - — €.

Thus, V' C B. This proves that the product topology is finer than the metric topology. Hence, the two
topologies coincide. O

Remark 27.2: (Arbitrary product of metric spaces)

Any uncountable product of (nonempty) metric space fails to be metrizable. In fact, the product topology
fails to be first countable. There is a notion of uniform metric on an uncountable product, but the induced
topology is strictly finer than the product topology, and strictly coarser than the box topology.
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Theorem 27.3: (Countable product of completely metrizable spaces)

Let {X,,} be a countable collection of nonempty spaces, and denote X = Hzo:l X,, be the product
space. Then the following are equivalent.

a) X is completely metrizable.

b) X,, is completely metrizable for eachn > 1.

Proof : Suppose X is completely metrizable. Fix some a,; € X. Then, for each n, we have the subspace

Xy={z|z,=a;ifi#n}= ﬂﬂ—i_l(a’i)a

which is closed being the intersection of closed sets, and hence, completely metrizable. But X, is
homeomorphic to X, and thus, X,, is completely metrizable as well.

Conversely, suppose each X, is completely metrizable. Fix some complete metric d,, on X, , and set
pn(z,y) = min{d, (z,y),1}, =,y € X,.

Then, p,, is a bounded, complete metric, inducing the same topology. On X = [] X,,, define
= 2i (T, Y;)
p(x,y) = ZT’ z,y € X.
i=1

Then, p induces the product topology on X. Let us check that p is complete. Say, {z"} C X is a Cauchy
sequence. Then, for a fixed ¢, consider the sequence {x?}wl C X,,. Fore >0, get N > 1 such that
p(z™,z™) < 5 foralln,m > N.Then, forn,m > N we have

Pn (27, 27"

5 < 2ip(z™,z™) < €.

pn(af, ) =2

Thus, {z'} C X, is a Cauchy sequence, and hence, converges to some y, € X,. Consider the point y =

(y;) € X. Fix some € > 0. Then, get some K > 1suchthat - _ = 5= < £. Also, for each 1 < i < K,

get some [V, such that

. 2t . g
pz(xzayz) < Wa nZNz

Set N = max{K, Ny, ..., N, }. Then, forn > N we have
p(z™,y) :ipi(x?>yi) < i\f:pi(w?’yi) _i_zi <N-i—|—§ .
: D) B . 5 =€

Thus, " — y. Hence, (X, p) is a completely metric space. O

27.2 Lavrent’ev’s Theorem
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Proposition 27.4:

Let X be a metrizable space, and Y be a completely metrizable space. Suppose, for some A C X, we
have a continuous map f : A — Y. Then, there exists a Gj-set, say, A* C X with A C A* C A and a
continuous map f* : A* — Y, which extends f.

Proof : Fix a complete metric dy- on Y. Forany z € A, denote the oscillation
osc(f,z) := inf{Diamf(UNA) | U C X is open, z € U}.

As z € A, for any open neighborhood z € U, we have AN U # @. Let us consider
_ 1 _
A, = {xEA\osc(f,x)<—}, A* ::{weA\osc(f,x)z()}
n

Clearly A* = ﬂn>1 A,,. Moreover, for any a € A, by continuity of f, we have some open U C X such
that z € U and Diamf(U N A) < 1 Thus,a € A, forany n > 1.In particular, A C A* C Ajis clear.

Let us check that A,, is open in A.Forany z € A,,, we have some open U C X such that z € U, and
Diamf(U N A) < L. But then for any w € U N 4, it follows that osc(f,w) < L. Thus, z € UNA C
A,,. Since x € A,, is arbitrary, we have A, is open in A. Then, A, = AN B,, for some open B, C X.
We have,

A*=()A,=()4AnB,=4An()B,.

n>1 n>1 n>1
Since A is a closed set in a metric space, it is itself G5. Hence, we have A* is a G; setin X.

Let us get a function f*: A* — Y. For x € A*, let z,, € A be a sequence with limz,, = x. Fix ¢ >
0. Since osc(f,z) = 0, we have some open set U C X such that z € U and Diam f(U N A) < €. As
x, — x, we have some N > 1, such that for all n,m > N we have z,,,z,,, € U. Then, it follows that
dy (f(z,), f(z,,)) < eforalln,m > N.Inotherwords, { f(z,,)} isa Cauchy sequencein (Y, dy ). Since
dy- is complete, we have f(z,,) = y € Y.Set, f*(z) = v.

Let us check that f* is well-defined. Suppose z,, € A is another sequence, with z, — x € A*. Then,
{f(%,)} is again Cauchy, and converges to some w € Y. Fix some € > 0. Then, there is some U C X
open such that z € U, and Diamf(U N A4) < 5. As limy,, = z = lim 2,,, we have some N > 1, such
that y,,, 2, € U foralln > N. Taking IV larger, we may assume d(f(y,,),y) < 5 and d(f(z,),w) < §
for alln > N. Then, we have

dy (v, w) < dy (y, Fu)) + dy (Fw), Fow)) + dy (Fzw)w) < S+ 2 + 2 = <.

Since € is arbitrary, it follows that dy-(y, w) = 0 = y = w. Thus, f* is well-defined.

Finally, let us check that f* is a continuous extension. For any a € A, we can consider the constant
sequence {a,, = a} that converges to a. Then, f*(a) = lim f(a,,) = lim f(a) = f(a). Thus, f* extends
f. Let us check continuity. Let x € A*, and fix € > 0. Then, there is some open set U C X such that
Diamf(U N A) < 5. Fixa sequence y,, € U N A such that y,, — y. Now, for any z € U N A*, consider
a sequence z,, € U N A such that z, — z. There exists some N > 1 such that dy (f(y,,), f*(v)) < §
and dy-(f(2,), f*(2)) < § foralln > N. We have,

dy (f*(v), [*(2)) < dy (f*(v), f(yn)) + dy (f(yn), f(2n)) + dy (f(2n), £7(2)) < % + % + % =e.
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This proves f* is continuous at y. Since y € A* is arbitrary, we have f*: A* — Y is a continuous
extension. O

~

Theorem 27.5: (Lavrentieff’s Theorem)

Suppose X,Y are completely metrizable spaces, and f : A — B is a homeomorphism, where A C
X,B C Y. Then, f extends to a homeomorphism f* : A* — B*, where A* C X, B* C Y are Gj-sets,
with A ¢ A* ¢ Aand B C B* C B.

Proof : Let us denote g = f~1. Since £, g are both continuous, we have Gs-sets 4; C X, A, C Y, with
AC A, C A BC B, C B,and extensions f, : A, =Y, g, : B — X of f and g respectively. Let us
consider

A ={z €A | filz) € B} =(fi) " (B), B :={z€B |g(x)€A}=(q)"(4)

Since these are inverse images of Gj-sets, they are again Gj. Clearly, A C A* C Aand BC B*C B.
Let us denote f* = f,| 4. and g* = g;| .. Clearly, f* and g* are continuous maps, extending f and g
respectively. Foranyz € A*, we have f;(x) € B;,andso, g; f;(z) € A, isdefined. Thus, g; o f* : A* —
A, is continuous. Say, x,, € A is a sequence, such that x,, - x € A*. Then,

Thus, g; o f*: A* — A* is the identity map. In particular, we have g* o f* = Id 4.. Similarly, we have
frog* =Idg.. Thus, f*: A* — B*is a homeomorphism, with inverse g* : B* — A*. O

p

Theorem 27.6:

Suppose X is a metrizable space, and A C X is a completely metrizable space. Then, A is a Gs-setin X.

Proof : Fix metric d on X. Consider ¢ : (X,d) < (X*, d*) be the completion. Then, the restriction f =
L]y : A X*isalsoan embedding, i.e, homeomorphism onto the image. Thus, we have a homeomor-
phism A D A — f(A) C X*, where A, X* are completely metrizable. By Lavrent’ev’s theorem, f has
an extension to a homeomorphism of G; sets of A and X*, containing A and ¢(A) respectively. But then
the extension must be ¢ itself, as on the left-hand side, the extended domain can only possibly be A.
Thus, f*(A*) = f(A) = ¢(A) is the extended set on the right-hand side. But then ¢(A) is a G set in X*.
Taking inverse, it follows that A is then a Gj set of X. O
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Corollary 27.7: (Characterization of Completely Metrizable Space)

Given a metric space (X, d), the following are equivalent.

a) X is completely metrizable.

b) X is Gj in the completion X*.

Corollary 27.8: (Q is not Gy in R)

Qis not G5 in R.
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Day 28 : 14" November, 2025

game of Choquet — strongly Choquet space — Baire space

28.1 A digression: Game of Choquet Given a space X, let us assume that two players are playing
a game.

Round O : Player | goes first by choosing an open set U, C X and a point z, € U,. Then, player Il chooses
another open set V; satisfying z, € Vj; C U,.

Round 1 :Player | now chooses an open set U; C V;, and a point z; € U;. Then, player Il chooses another
open set V] satisfyingz, € V| C Uj.

Round n : At this stage, player | chooses anopenset U, C V,,_; and a pointz,, € U,,. Player |l then chooses
an open set V satisfyingz,, € V., C U,,.

Thus, we have an infinite game that goes like this:

layer I : (Uy, xg) (Uy,zq) (U,,x,)

ayer II : W Vi V.

This game is known as the strong game of Choquet. The usual game of Choquet is played the same way, but
player | does not choose any points z,, € U,, at any stage, and thus, player Il does not care about the points
either. Observe that

U=V

n>0 n>0

We say player Il wins the game if (| V,, # & at the end of the game. Conversely, player | wins the game if
(U, = & at the end of the game.

Remark 28.1: (Winning strategy)

To formalize the concept of winning strategy (for player Il), let us consider the following. Given a space,
(X, T), let us consider the sets

T.={U €T | U #+ &}, S:={U,z) |UeT, ze€U}.
Then, a winning strategy for player Il is a map
f:S—>T,
such that the following holds.
i) Forany (U,z) € S, we have
ze f(U,z)CU.
ii) For any sequence (U,,,x,,) € S defined inductively, such that,
Uy D V= f(Uy,zy) DU, DV, := f(Uy,21) D ... DU, DV, := f(U,,x,) D ...,

we always have |V, # &.
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Definition 28.2: ((Strong) Choquet space)

A space X is called a Choquet space (resp. strongly Choquet space) if in a game of Choquet (resp. strong
game of Choquet), player Il always has a winning strategy.

Remark 28.3:

Winning a strong game of Choquet is more difficult for player II, as at the n'-stage they have to choose
an openset V C U,, satisfying the extra condition z,, € V,. Thus, a strongly Choquet space is always a
Choquet space. Also, since player I's goal is to make the intersection empty, player | is also denoted as
player E (E mpty). In this convention, player Il is denoted as player N (N onempty).

Proposition 28.4: (Completely metrizable space is strongly Choquet)

Let X be a completely metrizable space. Then X is strongly Choquet.

Proof : Let us fix a complete metric d on X, inducing the underlying topology. At the n''-stage, after
player E has chosenz,, € U, C V,_,, player N choosesz,, € V., ¢ V. C U, , such that DiamV, < 2%
This is always possible in the metric space (X, d). Now, observe that

No=N%=N%

But {Vn} is a decreasing sequence of closed sets in a complete metric space with diameter going to
zero. Hence, ﬂVn =+ & (Check!). Thus, player N always wins. Hence, X is a strongly Choquet space. [

Theorem 28.5: (Strongly Choquet implies Complete Metrizability)

Suppose X is a metrizable space. If X is strongly Choquet, then X is completely metrizable.

Proof : Fix an arbitrary metric d on (X, 7), and consider the completion (X, d) < (X*,d*). We shall
show that X is G in X™.

Let us fix a winning strategy player N, and denote it by
f:{U,z) |z2€cUeT} —{UeT|U+ &}

For each n > 1, let us consider VW, to be the collection of open sets W C X*, such that for some x €
U C X we have
i) U=XnNU,forsomeU C X* open, withU C By (z,1),
i) WNX =f(U,x), and
i)y W C By.(z,1).
Denote,

G, = Jw|wew,}.

Clearly G,, C X" isopen (possibly empty). Let us checkthat X C G,,. Foranyz € X, let player E choose
Uy = By (z,1) N X and z, = z. At the n'-stage, say player E chooses an open set U, = X NU,,
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where z,, = z € U,, and U,, C By (z,1). Then, player N chooses V,, = f(U,,, z), such that z € V, C
U,.Butthen, V, = X N W’ for some W’ C X* open. Consider W = W’ N U,,. Clearly,

XNW=Xn(WnU,) =XnW)n(XnU,)=V,nU, =V, =f(U,,z).

Also, x € W C B, (a:, %) Thus, x € G,,. Note that this argument requires strong game of Choquet.
Consequently, we have X C (G,

Let us show that (1G,, C X. Let z € [|U,,. For n; =1, as = € G,, , we have some V, € W,,, such
that z € V1 Then, for some y;, € U; C X, we have V| :=V, N X = f(U;,y;), and moreover, V; C
B, (yl, ) As z € V;, we have ¢, := d* (a: X*\ Vl) > 0. Choose some n, > n; such that — 1 < 3.
As z € G, , we have some V, € W, such that z € V,. Then, for some y, € U, C X, we have V, =

Vo N X = f(U,,y,), and moreover, V2 C By <y2, ) Note that U, C V. Indeed, U, = X N U, for
some U C X* open with U, C B (yz, nz) Then, Tor any z € U, we have d*(y,, z) < n% Also, we

have z € V, C B,. (yz, s ) Thus,

1 1 - -
d(z,z) < d(z,y,) + d(y,, 2) < — + — <& =d*(z, X*\V}) =>z€e V.
2 2

Thus, U, C V; holds, which implies U, C V; = X N V;. Inductively, we continue this (strong) game of
Choquet in a similar way. Since player N is playing by a winning strategy, it follows that (| U,, = [ V,, #
@. Now, by construction, z € (V. Since (X*, d*) is a complete metric space, and since the diameters
of V, are going to 0, it follows that (| V,, = {x}, a singleton. But then,

g#(\Va=Xn(\V,=Xn{z}=>z€X.

Thus, we have X =[]G,,, i.e, X is a Gs-set in X*. Hence, X is completely metrizable. O
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Example 28.6: (Wheel without its Hub)

Let X = {(z,y) € R? | 0 < z? 4+ y* < 1} be the closed unit disc with the center removed. Consider
the collection of usual open sets in D as a subspace of R?, and additionally, consider every open intervals
(in the usual sense) on every open radial line. It is easy to see, this collection is a basis for a topology on
X. The space X is called the wheel without its hub.

Usual open set
coming from R?

Open interval on
the radial line

2
-
-
e

Observe that X is not second countable, since the set A = {(a:, y) | 2?2 + 9% = %} is a closed discrete
subspace of X. Nevertheless, X is metrizable. Let us explicitly define a metric.

Consider the function h : X — [0, 00) defined by h(x) = ﬁ — 1, and the function r : X — [0, 00)
defined by r(x) = Ty Here, for any x = (z,y), we have |[x| = /22 4 y2. Itis easy to see that h, r are
continuous maps. Define d : X x X — [0, c0) via

_ {|h(x) = h(y)| if r(x) = r(y)
d(x,y) = {h(X) + h(y) + ||r(x) — r(y)|| otherwise .

One can easily check that d is a metric on X, inducing the same topology (Check!). Moreover, one can
show that d is a complete metric as well.

Let us instead play a strong game of Choquet on X! If at any stage, player E plays an open set U, and
a point x € U on some open radial line £, then player N plays an open set V' which is an open interval
containing x on the radial line ¢, such that the closed interval has length half that of the component of
¢ N U containing x (which is going to be interval), and is contained in said component. Then, we get a
decreasing sequence closed intervals of £ with diameters going to 0. The intersection is nonempty by
the completeness of R, and so, player N wins. Suppose player E plays an open set U and a pointz € U
with z on the boundary circle. Then, player N plays a usual open neighborhood V' C U of z, such that
V C U. If player E never plays a point on any radial line (so the points are always on the circle), then
we get a decreasing sequence closed sets in the boundary circle, which is a compact set. Thus, player N
again wins. This proves X is strongly Choquet, and hence, completely metrizable.
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Example 28.7: (Discrete rational extension of R)

Consider X to be the discrete rational extension of R, i.e, X = R, with the topology 7 generated by the
basis

B={(a,b)|abeQ, a<blU{{q}|qecQ}

It is easy to see that B is a basis of clopen sets, and hence, X is a completely regular, second countable
space, which is clearly T} . By Urysohn’s metrization theorem, X is then metrizable. Let us show that X
is strongly Choquet.

If at any stage player E plays an open set U and a rational ¢ € U, player N can play V' = {q}, and thereby
winning the game. Suppose player E plays an open set U € T and an irrational x € U. Then, there is
a finite length interval z € (a,b) C [a,b] C U, such that b— a < £ DiamU. Player N chooses (a,b).
Then, in a game, where player E never plays a rational point, we have V,, = (a,,, b,,) for finite intervals,
which are nested, with strictly decreasing diameter. In particular, (| V,, # &, as R is complete. Thus, X
is strongly Choquet. Consequently, the discrete rational extension of R is a completely metrizable space.

28.2 Baire Space

Definition 28.8: (Baire space)

A space X is called a Baire space if a countable intersection of dense, open sets of X is again dense.

Definition 28.9: (First and second category)

A subset A C X is called of first category (or meager) if A = Un>1 A,, for some nowhere dense set
A, C X (e, intA_n = ). If A cannot be written as the countable union of nowhere dense sets, then
A is called of second category (or non-meager).

Exercise 28.10: (Subset of meager set)

Verify that a subset of a meager set is again meager.

Proposition 28.11:

X is Baire if and only if countable union of closed nowhere dense sets have empty interior. In particular,
a (nonempty) Baire space is non-meager (in itself).

Proof : Suppose X is a Baire space. Let A,, be a collection of closed nowhere dense sets. Then, U, =
X \ A,, is acollection of open dense sets. We have (| U,, is dense. Now, for any nonempty open set O C
X,wehave ONNU, # 2= 0 ¢ X\(U, =JA,.Thus, | J A, has empty interior.

Now, suppose countable union of closed nowhere dense sets in X has empty interior. Let U,, be a
collection of open dense sets. Then, A,, = X \ U,, is closed, nowhere dense. We have | J 4,, has empty
interior. So, for any nonempty openset O C X, we have O ¢ |JA,, = ON(X\UA4,) #od=0n
U, # @.Thus, (U, is dense. Hence, X is a Baire space.
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Now, for a Baire space X, suppose X = [ J A,, for some nowhere dense sets. Then, X = | J A,,, where
A, is closed, nowhere dense. But this contradicts that | | A,, has empty interior. O

Remark 28.12: (Non-meager spaces need not be Baire)

There are non-meager spaces, which fail to be Baire. Consider X = R x {0} UQ x {1} C R2. Then,
for each ¢ € U, we have U, := X \ {(¢,1)}, an open dense set. Clearly, | JU,, = R x {0} is not dense
in X. Thus, X is not Baire. On the other hand, if possible, let us write X = | J 4,, for some nowhere
dense sets A,,. Then, R x {0} = [ J(4,, "R x {0}). Note that B,, := A, R x {0} is nowhere dense in
R x {0}. But this implies R = R x {0} is a meager (in itself) space. This is a contradiction, as R, being
a completely metrizable space, is Baire, and hence, non-meager.
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Day 29 : 19" November, 2025

Baire category theorem — paracompactness

29.1 Baire Category Theorems

Theorem 29.1: (Baire Category Theorem)

A Gs-set in a compact T, space is a Baire space.

Proof : Let X be compact, T,-space. Note that X is a T)-space. Let us first show that X itself is Baire.
Let G,, C X be a countable collection of open dense sets, and U C X be a fixed nonempty open set.
Denote V, = U. Now, U N G, # @&. Then, by regularity, there is a nonempty open set V;, with V, C
U N G;. Inductively, assume that there is a nonempty open set V, such that V, C V., ; N G, . Since
V., NG, ., # &, again by regularity, we have a nonempty open set V,, ; with m CV, NG, . Now,
by construction, {Vn}n>1 are closed sets, with V; D V; D .... Consequently, {V,} is a collection of
(nonempty) closed sets with finite intersection property. Hence, V,, # &. But, |V, c U NG, by
construction. Thus, U N[ G,, # &. As U is arbitrary nonempty open set, we have (| G,, is dense in X.
Thus, X is a Baire space.

Now, let us consider a Gs-set K = (| U,,, where U,, C X is open. Consider K, which is closed, hence
compact, and also T,. Now, V, = U, N K isanopensetin K.Notethat(\V, = (U, NK = KN K =
K.Also, K CV, C K= K =1V,.Thus, V, is an open dense set in the compact, T, space K. Now,
suppose W, C K are open, dense subsets. Then, W, = K N G, for some G; C K open. Clearly, G; is
also dense in K, since for any nonempty open set V' C K we have,

VNK+g=(VNK)NW, + &) =VNG, +a.

as W, is dense in K

Thus, we have a countable collection {G;} U {V,,} of open dense subsets in K. Hence, the intersection

OGWV;: (OGJ N (O‘é) =(NG)nKE=GnK =W,

is dense in K. But then (| W, is dense in K as well. Hence, K is a Baire space. O

Corollary 29.2: (BCT 1)

A locally compact 75 space is a Baire space.
Proof : Suppose X is locally compact, T5. A locally compact, T, noncompact space embeds as an open

subset in its one point compactification X, which is compact, T,. Thus, X is a Gs-set in X’, and hence,
a Baire space. O

148



Theorem 29.3: (BCT 2)

A completely metrizable space is a Baire space

Proof : Let (X, d) be a complete metric space. Suppose G; C X is a countable collection of open dense
set, and U C X is a fixed nonempty open set. Proceeding as in the proof of Baire category theorem,
consider V, = U, and get open balls V,, = B,(«,,,r,,) of radius r,, < %, suchthat V., C V, NG, 4
holds. In particular, we have a decreasing sequence of closed balls ; D V], D V, D ..., and moreover,
NV, c UNG, holds.

We claim that the sequence {z,,} is Cauchy. Indeed, for any € > 0, get N > 1 such that % < . Then,
foranyn,m > N we havez,,,z,, € Vy. Hence,

2
d(mn)xm) S d(mn)xN) +d(£UN,$m) < Y +TN < N <Ee.

As X is complete, we have z,, — x. Clearly, z € V,, foralln. Hence,z € U N G,, foralln > 1. Thus, U N
ﬂn U,, #+ @.As U is arbitrary nonempty open set, we have [ | G,, is dense. Thus, X is a Baire space. [

Corollary 29.4: (Q is not Gy)

The set of rationals Q C R is not a Gj-set.

Proof : If possible, suppose Qis G5. Then, Q = ﬂn U,, forsomeopensets U, C R.Clearly, U, is dense in
R, since Q C U,, is already dense. Now, for each ¢ € Q, consider Vq = R\ {q¢}, which are also open and
dense. Note that ﬂqu V, =R\ Q. Now, {Un}n21 U {Vq}qe(@ is a countable collection of open dense

sets. Since R is a Baire space, there intersection must be dense. But, ﬂn>1 U,n ﬂqu V,=QnN(R\
Q) = @, a contradiction. Hence, Q is not a Gy-set. 0

Remark 29.5:

Since for a function f : R — R the set of continuities must be a Gj-set, it follows that there does not
exist a function which is continuous only at the rationals.

p

Theorem 29.6: (Choquet spaces are Baire space)

Let X be a nonempty space. Then, X is a Choquet space if and only if X is a Baire space.

Proof : Let X be a Choquet space. Suppose G,, is a countable collection of open dense sets. Fix some
nonempty open set O C X. Let player E choose the open set U, := G; N O, which is nonempty as G|
is dense. Suppose at the n'"-stage, player N chooses V., C U,, according to their winning strategy. Then,
player E chooses U,, . ; :=V,, N G,, . ;, which is again nonempty as G, ; is dense. At the end of the game,
since N must win, we have

@# (U, =0nG)N[|VaNG,;; cON[)G,.

n>0 n>1 n>1

As O is an arbitrary nonempty open set, we have [ G,, is dense in X.
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Conversely, let X be a Baire space. If possible, suppose player E has a winning strategy,
f:7, -7,

where 7, denotes the set of nonempty open sets of X. Say, according to this strategy, player E chooses
the open set U, C X. We shall show that Uj, is not a Baire space.

Fix some open U C Uj,. Given any collection O of nonempty open subsets of U, call O is good if
O* ={f(0) | O € O}

is a pairwise disjoint collection of (necessarily nonempty) open subsets of U. Let O;; be the collection of
all good sub-collections of U, partially ordered by inclusion. For a chain {O,, } in O;, consider the union
O = JO,. If possible, suppose there are O,, € O, and O € O such that f(O,) N f(Og). Without loss
of generality, O, C 05. But as C’)ﬁ is good, we have a contradiction. Thus, O is a good sub-collection
of nonempty open sets of U. Hence, by Zorn’s lemma, we can then get a maximal good collection, say,
OF**. Let us denote

U= | f(0)

OcOy

Clearly, U™ is a nonempty open set of U*. We claim that U* is dense in U. If not, then there is some
nonempty open set O C U suchthat O N U* = &. Then, f(O) C O is a nonempty open set, and clearly,
f(O) N U* = @. Butthen, OF** U {O} is also good, violating the maximality of O;. Hence, forany U C
U,, we have constructed U*, which is open and dense in U,, and given as the union of pairwise disjoint
open sets of the form F(O) for open subsets O C U.

Let us now inductively construct the following open dense sets. Set G; = Uj. Assuming G,, is defined,
setG,, ., = UWGG” W*. Observe that each G,, is a disjoint union of open sets of the form f(U') for some
open U C U,. Moreover, G, , ; is dense in G,,, and hence, by a simple induction, each G,, is dense in U,
as well. If possible, let z € () G,,. Since z € G|, we have a unique open V; C U, such thatz € f(1}) (as
G, is a disjoint union). Set U; = f(1)). Inductively, suppose we have constructed (U, V;, Uy, V4, ..., U,,).
Now, z € G, ;. Hence, there is a unique open set V,, C U,,, such that z € f(V) (as G,,,; is a disjoint
union). Set U,, = f(V,,). Thisis a game of Choquet! Now, by construction, z € (| U,, = (V,,. Thus, player
N wins in this game. This is a contradiction, since player E is playing by a winning strategy by assumption.
Hence, we must have [ G,, = @. But then, U, is an open set of X, which is not Baire. Consequently, X
itself cannot be a Baire space. O

Corollary 29.7: (BCT 1 and 2 by game of Choquet)

X is a Choquet space (and hence, a Baire space) if either a) X is completely metrizable, or b) X locally
compact 7.

Proof : Suppose X completely metrizable. At the n'?-stage of any Choquet game, let player N choose
V,, C U, satisfying V,, C V., C U, and DiamV,, < % DiamU,,. Then, a usual argument using Cauchy
sequence shows that (\V,, = [V, #+ @. Thus, X is a Choquet space.

Next, suppose X is a locally compact T}, space. This time, at the nh-stage, let player N choose Vv, cU,
satisfying V| C Vn cUy,, and Vn compact (this is possible, as the space is locally compact, T5). It follows
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that(V, = ﬂVl #+ @&, as the intersection of decreasing nonempty closed sets in a compact space (here,
the compact space is V;) is always nonempty. O

Assignment 29.8: 44+6=10

Suppose X is a T;-space.

a) Suppose A C X is a closed set. Show that the identification space Y = X /A is T,

b) Suppose f: X — Y is a surjective, open, closed, continuous map. Show that Y is 7,,.

Hint : Note that f is a quotient map. Show that the set A = {(zy,z,) | f(z,) = f(xy)}is
closed in X x X.

Assignment 29.9: (Closed continuous image of T;-space) 6+ (24+2)=10

Recall the Moore plane X = H U L, where H = {(z,y) € R | y > 0}and L = {(z,y) € R? | y = 0}.
The topology on H is the usual one, and for any point (x,0) € L a basic open neighborhood is of the
form {(x,0)} U D, where D C H is an open disc tangentially touching L at (x,0). We have seen X is
T3% but not 7. Let us explicitly produce two disjoint closed sets, that cannot be separated by open sets.

Consider the sets @ = {(z,0) | z € Q} and I = {(z,0) | x € R\ Q}. As L is a closed set with the
discrete topology, we have (Q and I are disjoint closed sets in X.

a) Show that ) and I cannot be separated by disjoint open sets in 7T}.

Hint : Say, Q C U,I C V. For each z € I, consider tangent disc D, of radius r,. Then, we
have a countable cover of L by Q U Un>1{x el|r,> %} Use the Baire category theorem
to get an interval (a, b) and some n, such that = € (a,b) NI | r, > nio} is dense in (a, b)
(in the usual topology). Argue that any basic open neighborhood of some z € (a,b) N Q in
X must intersect V.

b) Consider the identification space Y = X/Q.

i) Verify that the quotient map ¢ : X — Y is a closed map.

ii) Show that Y is T, but not T5. Thus, a closed, continuous image of a T3%—space may fail to

Quiz 29.10: 2+2+3+3=10

Let X be an uncountable space equipped with cocountable topology.

a) If A C X is compact, then A must be finite.

b) If A C X is connected, then A is either a singleton or compact.

X x[0,1]

c) Consider the cone CX = Xx(i] -
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i) Show that C'X is locally connected.

Hint : Any path in CX \ {p} (where p is the coning point) must be contained in some
{[z,t] | 0 <t < 1} forafixedz € X.

ii) Show that C'X is not locally path connected.

Hint : Any uncountable set with cocountable topology is connected.

Quiz 29.11: 2x5=10

Let f:[0,1] — R be a smooth function, i.e, f is (continuously) differentiable infinitely many times.
Denote the n'-differential as f(™ : [0,1] — R; for convenience, set f(°) = f. Suppose for each 2 €

[0, 1], there is some n = n, > 0 such that f(™)(x) = 0. Assume, for the sake of contradiction, that f is
not a polynomial.

a) Show that the sets
X = {z €]0,1] | For any open neighborhood z € U C [0,1] ,
we have f|; is not a polynomial}, S, :={z €[0,1] | f™(z) =0}
are closed in [0, 1].

b) Show that for some n, > 0, there exists an interval (ag, by ) such that & # (ag,by) N X C S, .

Hint : Use Baire category theorem. ‘

c) Show that (ay,by) N X C S,, forany m > n,.

d) Show that for any maximal interval I C (ag,b,) \ X, we have f is a polynomial of degree < n.

Hint : Note that the endpoints of I must belong to (a,, by) N X, and hence, in S, form > n,,.

e) Conclude that f™ = 0 on (ay, b,), which is a contradiction.

Hence, we see that f is a polynomial function.

Assignment 29.12: (Banach fixed-point theorem) 44+6=10

Let f : (X,d) — (X, d) beafunction of a complete metric space. Suppose, forsome 0 < p < 1 we have

d(f(z), f(y) < pd(z,y), z,y€eX.

a) Show that f is continuous.

b) Show that f has a unique fixed point, i.e, there is a unique z, € X satisfying f(z,) = z,.
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29.2 Paracompactness

Definition 29.13: (Refinement)

Given an open cover U = {Ui},d of X, a refinement of U is an open cover V = {V;} o such that
¢ J

there exists a function ¢ : I — J for which
Vi CUpyy JE€J

holds. In words, each Vj € Vis contained in some U, € U.

Definition 29.14: (Paracompact space)

A space X is called paracompact if any open cover of X admits a locally finite refinement.

Example 29.15: (R™ is Paracompact)

Suppose U = {Ui}ieI be an arbitrary open cover. Denote, B,, = B;(0,n) be the open ball of radius n,
centered at origin, and Fn be the closed ball. Note that each En is compact. Hence, for each n, there is
a finite subset I, C I such that B,, C Uiel U;. Denote,

Vi :={U; | i€ L}, Vo={U\B,|i€L,}, nx2

Set, V = | JV,,. By construction, each element of V is a subset of some U, € U. Forany x € R", consider
n > 1 to be the least integer such that z € B,,. Then, = ¢ B,,_;. Clearly, we have = € U; \ B,,_; for
some ¢ € I,. Thus, V is a refinement of U. More over, for any z € R", we have some n > 1 such that
x € B, .Itisclearthat B, can intersect only the open sets from V;, U ... UV, , whichis a finite collection.
Thus, Vis a locally finite refinement. Consequently, R™ is paracompact.

Exercise 29.16: (Exhaustion by Compacts)

A space X is said to be exhaustible by compacts if there are compact sets K, C X such that X =
Unzl K,,and K, C K, ,,.Show that a T,-space, which is exhaustible by compacts, is paracompact.

Remark 29.17: (Metric space is Paracompact)

Note that R with discrete topology is a metrizable space, which is not exhaustible by compacts, and
hence, we cannot use the previous exercise! It is a deep theorem that any metric space is paracompact.
The original proof was by Stone, which was simplified significantly by Mary Ellen Rudin.
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Theorem 29.18: (M.E. Rudin’s Proof : Metric Spaces are Paracompact)

A metrizable space is paracompact.

Proof : Let (X, d) be a metric space. Suppose U = {Ua}&EA is an open cover. By the well-ordering
principle, we assume that the indexing set A is well-ordered! Note that for any x € X, there exists a
least & € A such thatz € U,, since A is a well-order and U/ is a cover.

By induction over n, we construct a locally finite refinement as follows. Firstly, for each o € A, define
A, ,, to be the set of points z € X, satisfying the following.
i) o € Aistheleastindex suchthatz € U,
ii) Forany j < n, we have d(z,y) > 5; whenevery € | J
i) By(z,5) C U,.

BeA Aﬂ,j

Note that for n = 1, the second condition is vacuous, and thus Aa’1 consists of x € X satisfying only
the first and third condition. Moreover, at the n'-step, the second condition does not involve any Ay n
Thus, one can inductively construct all 4, ,,. We allow the possibility that A, ,, = & for some o € A
and n > 1. Once these sets are constructed, whenever A, ,, # &, denote

1
‘Da,n = U{Bd (.’L’, 2_71) | T € Aa,n}? o E A, n Z 1.

If A, =, set D, , = & as well. We claim that D, the collection of all D, ,, as defined, is a locally
finite refinement of U.

Let us check D covers X. Forany x € X, thereisaleasta € Asuchthatz € U,,and z ¢ UB forall 8 <
a. Now, U,, is open, and hence, there is some n > 1 such that B, (z, == ) C U,. We claim that z € Dg
for some 8 € A and some j < n. We have two possibilities. Suppose x € Aam. Then, clearlyz € D, ,,
and we are done. Suppose x ¢ A, .. Since the first and third condition is satisfied, we must have that
the second condition is violated. Thus, for some j < n, we have some y € A ; such that d(z,y) < 2%
But then, x € B, (y, 2%) C D[j’j. Thus, we see that D covers X.

By construction, each Da,n C U, and hence, D is indeed a refinement of /.

Finally, let us show that D is locally finite. Let z € X. Get the least & € A such thatz € D,, ,, for some
n > 1. Then, choose some j > 1 such that B, (z, ;) C D, ,,. Fix the ball U := B,(z, 525 ). We show
the following.

a) Foranyi > n+ j, we haveUﬂDﬁ,i =g forallb € A.

b) Foranyi < n + j, we have U N Dy ; # & for at most a single 8 € A.

Let i > n + j. In particular, i > n. Fix some y € Ag ;. We then have d(y, z) > Zin whenever z € A

a,n’
and hence, y ¢ D,, .. As By(z, 5 ) C D, ,,, we then get d(z,y) > 57 as well. Now, i > j+ 1and n +

J > j + 1. Hence, it follows from triangle inequality that

1 1
By (l’, W) N By (3/, 5) = .
Indeed, if 2 € By(z, 55 ) N By(y, o ), then we have

1_ 1 11
gn+i T 97 =il gl 9

d(z,y) <d(z,z) +d(z,9) <
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a contradiction. Thus, for any y € Az ;, we have U N By, (y, > ) = @. But then clearly, U N Dy, =0
holds forany i > n + jand any 8 € A.

Now, leti < n + j.Suppose 8 # v € A, without loss of generality, assume 8 < . Fixsomep € Dy ; and
q € D, ;. Then, there are y € Ag,;,2 € A, ; such that d(y,p) < % and d(z,q) < % By construction,
B, (y, 23) C Uﬁ, and also, z ¢ Uﬁ (as v is the least one so that z € Uv)‘ So, we must have d(y, z) > 23
But then,

3 1 1 1 1
ot S d(,2) <d(y,p) +d(p,q) +d(q,2) < 55 +d(p, ) + o7 = d(p,0) > 57 2 577

Now, if U intersects both Dy ; and D, ; (with 3 <), then we can choosep € UN Dy ; and g € D, ;.

As argued above, we have d(p, q) > 5. But, p,q € U = By(x, 35 ). We have,

1 11
on+j + on+j - on+j—1’

d(p,q) < d(p,z) +d(z,q) <
a contradiction. Thus, U can intersect at most one Dﬁ’i whenever i < n + j.

But then it is clear U can intersect at most finitely many elements of D, proving that D is a locally finite
collection.

Thus, starting with the open cover U of (X, d), we have obtained a locally finite refinement D of U.
Consequently, any metric space is a paracompact space. |
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Day 30 : 20" November, 2025

paracompactness — partition of unity

30.1 Paracompactness (Cont.)

Proposition 30.1:

Suppose U = {U;},_, is an open cover of X, which admits a locally finite refinement V = {v;} .
J
Then, there exists a locally finite refinement W = {W;}ie[ such that W, C U, foralli € 1.

Proof : Suppose ¢ : J — I is the function such that V; C U, for each j € J. For each i € I, consider
the set

JjeEP(d)
Clearly, W, C V, foralli € I,and W = {Wi}ie] still covers X. Thus, W is a refinement of U (but now
with same indexing). We need to show that W is locally finite. Let x € X be fixed. Then, there is an
open neighborhood z € N C X, suchthat NNV, = gforall j € J\ A, where A C J is a finite set.
Then, B = p(A) C I is also a finite set. If possible, for some i € I \ B, suppose N N W, # &. Then,
NN (Uw(j):i V;) # . 5o, forsome j € J with ¢(j) = i, we musthave N NV, # &. But then we must

have j € B = i = ¢(j) € ¢(B) = A, a contradiction. Hence, N N W, = & for all i € I \ B. Thus, W
is a locally finite refinement of /. O

Example 30.2: (Compact and Lindel“of space)

Since for a compact space, you can get a finite sub-cover of any open cover, it will clearly be a locally
finite refinement. Thus, any compact space is paracompact. A Lindel"of space may not be paracompact!
As an example, consider the double-origin plane. We have seen that it is T2% but not 75. Also, it is second
countable, and hence, Lindel"of. On the other hand, it cannot be paracompact, as a paracompact 7T,
spaceis T}.

Proposition 30.3: (Closed subset of Paracompact)

Let X be a paracompact space, and C' C X be closed. Then, C'is paracompact.

Proof:Letld = {Ui}ieI be an open cover of C. Suppose U; = C' N U,, where U; C X isopen. Then, U =
{X\C}uU {ﬁi}id is an open cover of X. By paracompactness, we have a locally finite refinement,
say, V ={V;} U {V;}iel, so that V; € X\ C and V, C Uj for all i € I. Now, for any z € C, there is
someopensetz € N C X suchthat NNV, = @gforalli € I, \ F,where F C I, := I LI {0} is a finite
subset. Then, clearly NN X NV, = g foranyi € I \ F.Thus, {V, N C}ie[ is a locally finite refinement
of U. Consequently, C'is paracompact. O
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Theorem 30.4: (Paracompact T, is T,)

A paracompact 75 space is 7.

Proof : Let X be a paracompact T;, space. Let us first proof regularity of X. Say, A C X is closed, and
x € X\ Ais apoint. As X is T, for each a € A there are open sets U,,V, such thatx € U,,a € V,
and U, NV, = @. Now, V = {X\ A} U{V,} _, isan open cover of X, and hence, there is a locally
finite refinement, say, WW. Define

V= {Wew|WnA+g}

Note that A C V. Since W is a locally finite collection (and hence, so is any subcollection of W), we
also have

V= J{W|wWew, WnA+g}
Now, any W € W with W N A # @ is contained in some V, for some a € A, and hence, W C Va Thus,

veclJV.
acA

AsacU,and U, NV, =&, we have a ¢ Va, and hence, a ¢ V. Then, consider U = X \ V. Clearly,
r€eU,ACVandU NV = &. Thus, X is a regular space.

Now, consider A, B C X be closed sets, with AN B = &. Foreacha € A, thereareopensetsU,,V, C
X such that a € U,, B C V, and U, NV, = @. In particular, BN U, = &. Again, consider the open
cover {X \ A} U{U,} _, of X, and geta locally finite refinement, say, G. Define U = [ J{G € G | GN
A+ @} Then,U=]{G|GegG, GNA+ Q} follows from local finiteness. Observe that BN U =
@. Then, set V = X\ U. Clearlyy, ACU,B CVand UNV = @&. Thus, X is normal. As X is T, we
have X is T,. a

Example 30.5: (7, # Paracompact)

Consider [0, §2), the first uncountable ordinal with the order topology. We have seen that X is T, (in
fact, T;). Now, the product space [0,2) x [0, 2] was shown to be not T}. If [0,2) was paracompact,
then the product with the compact space must be paracompact again. But then the product being
paracompact and T, has to be normal, a contradiction. Hence, [0, €2) is not paracompact. On the other
hand, a Lindel"of, regular space is paracompact.

Exercise 30.6: (Product of Compact and Paracompact)

Show that the product of a compact and a paracompact space is again paracompact.

Hint : Use the tube lemma.

30.2 Partition of Unity
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Definition 30.7: (Support)

Given a continuous map f : X — R, the support of f is defined as

supp(f) :== fL(R\ {0}).

In words, support is the smallest closed set containing the non-zero set of f.

Definition 30.8: (Partition of Unity)

LetU = {Ui}iel be an open cover of X. A partition of unity subordinate to U is a collection of continuous
maps {f; : X — [0,1]},_, such that the following holds.

i) Foreachi € I, we have supp(f;) C U,.

ii) The collection {supp(f;)},_, is alocally finite cover of X.

I
iii) Foreachz € X, wehave .  fi(z)=1.

The arbitrary sum in the third condition is actually a finite sum by local finiteness.

p

Theorem 30.9: (Shrinking Lemma)

Let X be a paracompact 75 space. Then, for any open coverU = {Ui}z‘eI' there exist a locally finite open
cover V = {V;},_ suchthatV; C V; C U, foralli € I.

Proof : Note that X is T}, and in particular regular. Consider JV to be the collection of open sets W C X
suchthat W c W C U, for some 7 € I. As U is a cover, by regularity, it follows that W is also a cover.
Let usindexitas W = {W;} e We have function (by axiom of choice)

J

0:J—1

such that VVJ C WJ C Uo(j) forall 5 € J. Foreach i € I, denote
v = U{w; | 6G5) =4}

Note that if §~1(4) is empty, then V, = &. Consider the collection V = {Vi},c,» whichiis still a cover, and
by construction, V, C U, forall ¢ € I. Now, by local finiteness of W, it follows that V, = Ue(j):i W, CU;
as well. Finally, let us check local finiteness of V. For x € X, there is an open set N C X suchthat N N
Wj =@ forallj € J\ F,where F C Jis a finite set. Then, O(F) C I is a finite set. Suppose, for some
i € I\NO(F), wehave NNV, # @.Then, N N W, # @ for some j € J such that 6(j) = i. Butthen j €
F = i=0(j) € (F), a contradiction. Thus, W is a locally finite collection. O

~

Theorem 30.10: (Existence of Partition of Unity)

In a paracompact 7, space, any open cover admits a partition of unity subordinate to the cover.

Proof : Let X be a paracompact 7, space, and U = {Ui}iez be an open cover. Applying the shrinking
lemma twice, we get two open covers V = {V;} _ and W = {W;},_, such that
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VV.cV.cW,cW,cU, iel.

Note that V; and X \ W, are disjoint closed sets. Then, by the Urysohn lemma, there are continuous
functions h; : X — [0, 1] such that

h(V) =1, h(X\W,)=0.
Observe that
hi1(0,1] C W, = supp(h,;) = h;1(0,1] C W, C U,

As) = {Vi}ief is locally finite, it follows that {Vi}iel is again a locally finite collection (Check!). Hence,
{supp(h; )} is alocally finite collection. Forany z € X, we have z € V; forsomei € I, andthen, h,(x) =
1.Thus, {supp(h;)},_, isalocally finite cover of X. Now, local finiteness implies that h(z) = 3. h;(z)
is always a finite sum. Let us show that it is in fact a continuous map. Indeed, for any z € X, there is a
neighborhood N C X, such that h| is a finite sum of continuous functions, which is then continuous.
Since h is continuous on neighborhoods, it follows that & is continuous. Moreover, h is nowhere vanishing
(Check!). In fact, we have h : X — [0, c0) Define f; = %,which is again continuous. Note that f; : X —

[0, 1], as h > 1. Moreover, for each x € X we have

h;(x h;(x h(z
f@) =Y fio) =3 8 - =) _ 8y

Clearly, supp(f;) C supp(f;). Thus, {f; : X — [0, 1]}, _, is partition of unity subordinate to the family
U. O
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